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Introduction

Cauchy problem for the Reaction-Diffusion equation:
Lu=u;— (U™ e +0u’ =02 e RO<t<T, (1)
u(z,0) = uo(z),z € R (2)
wherem > 1,0 € R, 8> 0,0 < T < +o0, ug > 0, ug € C(R).

n(t) = sup{x : u(x,t) > 0}, n(0)=0

up(x) ~ C(—x)%, asxz —0—, forsomeC >0,a>0. (3)

up(xz) = C(—x)%, v €R (4)
Barenblatt’s problem: Does interface expand, shrink or remain
stationary? Find the short-time behavior of the interface function n(t)
and u(xz,t) near x = n(t).
The Answer depends on m, 3,b,C, «. Is it possible to give a full
classification?
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Nonlinear Diffusion

Lemma 1

Let u solve (1), (2), (4) withm > 1,0 < a < %,b =0. Then
u(z,t) = t3F0=m f(€),€ = at” T, f(€) = u(€, 1)
d?fm 1 df e

de? +2+a(1—m)5c75_2+a(1—m)

[~ C(=8)%as £ | —o0, f(+00) =0
3. such that f(§) > 0,—00 < <& f(§) =0,£ =&, n(t) = €*tm

Let w be a solution of (1), (2), (4) withC =1 (b=0), and
fo(&) =w(&, 1) be a corresponding solution of the nonlinear ODE. Then

f=0,feR

)

F(p) = O30 fo(CH0FT73 ), &, = CF40 €L &, = sup{p: fo(p) > 0}
If ug satisfies (3) then n(t) ~ f*t2+a(11—mr> ast ] 0 andVp <&,

w(z,t) ~ f(p)tTFa=m ast |0 alongz = Ep(t) = ptm
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Proof of Lemma 1: global case

In this proof, assume b = 0. Consider
v(z,t) = ku(kx, k*'t)

y=-1p= am=1=2 _ 4 solves (1), (2), (4) = due to uniqueness.

«

a(m—1)—2

v(z,t) = u(x,t) = ku(k™va, k™ & t) (5)

Choose k = t7atm—0 = u(x,t) = tTrat—m y(zt~ i 1)
Find dependence of u (or f) on C: v = C~lu satisfies:

C' My = (V") ooz €R,0< t < T v(z,0) = (—2)}, 2 €R

Choose 7 = C™ 't w(z, 7) = v(x, C'~™71) = w solves (1), (2), (4)
with C = 1. Hence u(z,t) = Cw(z,C™~'t). From (5) =

1 2, a(m—1)-2
@

w(z,t) = kw(Cak~ =z, Cak t) (6)

k= (C%t)% = u(m,t) — sza(infmw(Ca(r;n:ll)fzg’ 1)t270¢(07‘n71)
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Proof of Lemma 1: local case

ule,t) = L () = f(p) = O fo(CFT72 )

m—1 .
=& =07 D¢ =  global case is proved

Local case: ug(x) ~ C(—x)%, asx — 0—, forsomeC >0,a>0
€
— ) (=) < @ >
Ve >0, dz. <0, (C 2)( $)+ _UO( ) (C+ )( )+, T = Te
Let ui.(x,t) be a solution of (1), (2) with ug(x) = (C *¢€)(—x)%
30 =6(e) >0 ue(xe,t) > u(we,t), u_e(ze,t) < u(we,t), 0<t <6
Comparison Theorem = u_. <u < U, £ > x.,0<t <6

Use(z,t) = f(6;C £ )t TFalizm) £ = ot~ TR

wsc (& (1), 1) = f(p; C % FFatm £, (1) = pt7Fat=m | p <€,
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Proof of Lemma 1: local case

f(p:C) = fo=ee=) fo(ca(y;'ff)_zp)
Take in u_. <u <ue x=E,(t), multiply by ¢~ Fat—m =

u—e(€p(t), )t TR (&, (1), )t TR0 < (&, (t), ) Feliom
F(p;C =€) Sul&y(t), )t~ 7ati=m < f(p;C +e), 0<t <5
flp;C —¢) < lirninfu(gp(t),t)ta(m+1>*2 <limsup--- < f(p;C +¢€)
tl0o tl0
€10 = u(€(t),t) ~ flp; C)tF=l=m  ast | 0; Vp <&,

£.(C — )Tt < p(t) < &,(C + e)tTatm, 0<t <6

1 _m=1__,
7~ £*t2+a(177n)7 as t J’ 0; f* = ('2+a(@—m) 5*

Lemma 1 is proved.

Ugur G. Abdulla Evolution of Interfaces for the Reaction-Diffusion Equation



Summary of Lemma 1

Consider
ur = (U™)py, TER, >0 @)
u(z,0) =C(—x)%, z€R
ue,t) = 70T f(€), €= ——
t2—a(m—1)
{(f ) 4 Ef - sty f =0, o <E<E -
f(=00) ~ C(=£)%, f(&) =0, f(§) =0, >

In fact, f(&) = u(&,1). Scaling out C — 1:

f(p) — CZ*&(W,*I) fO(C27;n(;L71) p)

fo solves (8) with C' =1; fo(§) = w(, 1), w(&, 1) solves (7) with C' = 1.
If up(z) ~ C(—2)% = n(t) ~ g*tm ast ] 0andVp <&,

w(z,t) ~ f(p)tTFat=m ast |0 alongz = &p(t) = pt2+a<11—7ﬂ>
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Lemma 2
Let u solve
ut:(um)mfbuﬁ, zeR, t>0 (9)
u(z,0) =up(x), r € R (10)
up ~ C(—x)%, asx 10 (11)

a) b>0,0<p<l<m0<a<2/(m—p)

b) b#0,8>1,m>1,0<a<2/(m—1)

Then . )
u(x,t) ~ f(p)tT=m=, x=¢,(t) = ptz-atn-1
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Proof of Lemma 2

up ~ C(—x)§ = Ve >0, Jz. <0

(€= e/)(-0)3 < wol@) < (C+e/D(~0)2, o >,
3o(e) > 0: u_e(xe, t) < u(we,t) < ue(we,t), 0<t <4

U_e <u<u, 2z, 0<t<H

Scale u as in the diffusion case

a(m— 1) 2

(2, t) = kuge(k™ vk t), k>0

Calculate B, atm—p)—2
(), = (i), = =b(up) k=

up = (U™) 2 Y u?, TER, t>0
U(l‘, ):(C:l:&)(* )?—7 r€eR
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Proof of Lemma 2

am—-p)-2<0 = klim ufe(m,t) =vg(x,t), r€R, t >0 (12)
—00

Ut = (vm)xac
V4. Solves
v|t:0 =(C=xe)(—2)}, T =400

By the previous lemma 1
ve(&p(0),1) = f(p,C £ e)t7=s0m=D
From (12)

a(m—1)—2

Jim kusc(k™=&,(t), k" & t) = f(p;C £ e)tTatiD, ¢t >0 (13)
—00

Let k“™F "t =7 s0 k=% &,(t) = &,(r) so from (13),
_ 1 a(m—1)—2
lim kuie(k O‘gp(ta)vk * t) _ f(p,C:tE)
k—4oo tZ—a(m—D)
(t—0)
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Proof of Lemma 2

hm U4e (5057—)7 T)
7—=0 r2=a(m-1)

=f(pC*e)

So .
Use(§p(T),T) ~ f(p; C £ )T2=20=D, 710

By comparison, from u_. < u < u, it follows that

u(z,t) ~ f(p; C)tF==0n=1, £ |0 (14)

Lemma 2 is proved except in case b) with b < 0. Let b < 0, 8 > 1,
m>1,0<a<2/(m—1) and suppose uy, solves

g — (U ) +0uP =0, |2 < |z |, 0<t <6
u(,0) = (C + ()3 (15)
u(ze,t) = (C L €)(—x)®, u(—xe,t) =0, 0<t <6
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Proof of Lemma 2

Scale u as in the diffusion case

a(m—1)

ufe(z,t) :kuie(kféx,k a 72t), k>0
m a(m—pB)—2 8 k 1 2—a(m—1)
U — (U )ge +0k~ o W =0, D ={|z| <kol|z, 0<t <k o 4}
u(,0) = (C %) (-0)%, [a] < k|
u(k%xﬁt) =k(C £ e)(—ze)?, u(—k%xﬁt) =0,0<t<k ™ a ¢
(16)
[UA, JDE] = 30 > 0 for which there is a local soln, and a comparison
theorem implies

U_e Su < U, 2] <|ze], 0<E< 0

Convergence of the ufez consider

gz, ) = (C+ 1)1 +22)*2Q —vt) ™7, 2 €R, 0<t <ty = —
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Proof of Lemma 2

Calculate

a(m=pB)—2

Lig=gi—(g™)ea+bk & g7 =(C+1)(m—-1)""1+2)2(1-vt)T7 S

S =v—h@)+bm—1)(C+ 1P KT (1 4 2) T (1wt TR

|

—m

v=hi+1, he = h(a,m) = mﬂiaxh(x),
h(z) = (m —1)(C + 1™ 'am(1 + z°) = — (1+ (am— 1)1’2)

Here%<03nd5’21+l{where

e O(E= ) 55) _ ofin1-2)

So when k — 00 § > 0= Lyg >0on DF. = DFN{0<t <t}

9(2,0) > ui“(x,0)

9(£k= 2, t) ~ (CH+1)(1+kaa?) s > (C+1D)k|zd]® > ub(£koze,t), 0 <t < to
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Proof of Lemma 2

By comparison theorem,

0 < uf(z,t) < g(a,t) in Dk
For any compact G C P = {x € R,0 < t < to} ui* is uniformly
bounded and ([UA, JDE]) uniformly Holder continuous = vy, s.t.

k’lig}oo u,ff =vie(x,t), (z,t) € P

Since in )2
g — (U™) gy + 0k~ & uf =

the exponent a(m — ) — 2 < 0, it follows that v, solves

up = (), v €R, 0 <t <ty
u(z,0) = (Cxe)(—2)7, R

The rest of the proof is similar to the previous case.
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Proof of Lemma 2

By the previous lemma 1
Uié(fﬂ(t)v t) = f(p7 C+ E)tz_agn_l)

a(m—1)—2
o

Jim kg (k™ =&,(t), k )= f(p;C +e)t=atm=n_ ¢t>0 (17)
—00

a(m—1)—2

Let k= &« t=7so k’égp(t) = &,(7) so from (17),

kuse(k™aE,(t), k t)

a(m—1)—2

lim = = f(p;C te)
k- 4 oo tT=a(m=D
(r—0)

T—0 7—2—&((::)'1,71)

uie(ﬁp(T)’ 7—) ~ f(p; C = E)T27a(%71) , T \l/ 0
By comparison, from u_. < u < u, it follows that

w(x,t) ~ f(p; O)Z==0m=1 £ | 0 along & = &,(t) = ptm

Lemma is proved.
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Lemma 3
Let u solve

Uy = (U"™) gy — b’ 2 €R, >0 (18)
u(z,0) = C(—2)}, € R, a=2/(m—p) (19)

Whereb > 0,0< <1, m>1. Then

u,t) =77 f1(C), (= —p
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Proof of Lemma 3

Choose v(x,t) = ku(k"x, k"2t) so

v — (V™) e + 007 = VP20, — K0 (0™, + bEPUP
Choose 1 + vy, =m + 2y, = 3.

v(z,0) = u(k"z,0) = kC(—2)3 k" = K" C(—2)%

Choose1+fylozf1+’yl—7050fyl (8—m)/2 and
v = — 1. Hence

B

v(z,t) = ku(k 2

z,kP~1t) solves (18), (19)

Uniqueness = u(z,t) = ku(k‘ﬁ_me, kP=1t)
Choose kP~1t =1,
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Proof of Lemma 3

with ) "
u(z,t) =tT=7 f((), (= —F3
+20-8)
Calculate
= (0 + b = i = R

A () bt TA P = 0

2

When z < 0, lim¢ o u(z,t) = C(—x)}", so

3t t0 C(—z)m-7
1
175 f (=2 )
— lim t2(1;5) — f C) . =1

When z > 0, lim;—gu(z,t) =0 = limerio00 f(¢) =0
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Proof of Lemma 3

{(f’”)” + BB L~ bff =0,C €R
f(¢Q) ~C(—=¢)™F as (] —oo, f(+00)=0

Lemma is proved.

3¢ st. fEOlfCZC*,f(C)>0, if ¢ <.

b(m — 5)2)] " then 6 =0

lfC:C*E[Qm(m—i—,B

f(O)=Cu(=Q)5 7 = u(x,t) = C*(—x)%% is a stationary solution
fC<sCithen (. S0, IfC>Cy = (>0= f(0) = A where

A(m, B,C,b) >0 = u(0,t) = AtTF

If ug(z) ~ C(—2)7 7 asx 10 and C > Cy = u(0,t) ~ AtTF ast | 0.
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Lemma 4
Let u solve
g = (U™)pe — b, 2 €R, >0 (20)
u(z,0) =wup(x), r € R (21)
ug ~ C(—2)%, asxz 10 (22)

1

Ifb>0,0< B <1, a> 25 thenVi > 1. =C7/*(b(1 - B)) "7
=5

u(z, t) ~ [CH’ (—2)2 =P _p(1 — ﬂ)t}

ast 0, z=mn) = —ltﬁ
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Proof of Lemma 4

Ve >0, 3z, <0 (c—g)(—x)iguo() (c+ )( )%, x>

36 >0 u_e(Te,t) S u(ze,t) <ue(ze,t), 0<t<46
Let u4. be a solution of the problem

v — (V) +00P =0, |2 < |2],0<t <9
v(2,0) = (C £ e)(=a), [z] < |a|
V(xe,t) = (C £ e)(—xe)®, v(—2e,t) =u(—ze,t), 0<t <6

Comparison Theorem implies

U_e SuLue, |z) <z, 0<t<6
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Proof of Lemma 4

Scale uy. according to inv. scale of u; + bu” = 0, u(z,0) = C(—z)%:

up(z,t) = ku(k"z, k7t),

u(z,0) = kC(—k"2)* = KMo C(—2)% = kM %u(z,0)
Up,t + buf = k', 4+ bkPuP
Hence if we choose
l+ma=0,14+7%=08 oyn=-1l/a,2=5-1
Then by uniqueness

ug(z,t) = u(z,t) = ku(kil/o‘x, kﬁflt).
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Proof of Lemma 4

Set
U (2, 1) = kute (k_l/a:r, k'g_lt)

() + b ) = K (wse)r + bk u, = k7 [(use) + bul | =

_ kﬂkfer% (ufe)m

rxr

=k’ (uze)xx

So u;;“(,t) satisfies

2—a(m=8)
@

ve—k (V™) pr + 0P =0in EF
v(@,0) = (C + €)(—2)%, 2| < k= la]
v(kaae,t) = k(C £ e)(—x)®

1

v(—kawe,t) = ku(—z, kP71t), 0 <t < kP

EF = {ja| <k=|z|, 0<t<k'95)

Note: 2=om=8)
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Proof of Lemma 4

Convergence of {ui}: Take g(z,t) = (C + 1)(1 + 2%)*/2et.

2—a(m—8)

Lrg=gi—k 2 (g™)aa+bg’ > g(1+R)in E* = EFn{0 <t <ty}

R = O(k%) uniformly for (z,t) € E¥ as k — oo,

0 7270‘(2%'8), ifa<ﬁ
8 —1, if > —=

m—1

N
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Proof of Lemma 4

0<e< 1= g(x,0)>u(z,0), |z| <kv|z]

Since )
uiE (—kaxe,t) = o(k), 0 <t <tgask — oo,

g(:l:kémﬂt) > uff(ikéxé,t), 0<t<t

If £ > 1 by Comparison Theorem we have
0 < uf(,1) < g(w,t) in EL,

Hence, {uif} is uniformly bounded in E¥. and accordingly ([UA, JDE])
it is uniformly Holder continuous on any compact
GCcP={xeR,0<t<ty}st.= 3k such that

kll_i)liloo uif (2, t) = va(x, t) which solves
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Proof of Lemma 4

v+ =0, z€R, 0 <t <t v(z,0) = (C£e)(—2)}, z€R

1

vielat) = [(C £ ()27 b1 - B)t]
Let

1
I>1,=C =(b(1—p))""P, and e > 0 are chosen such that

(C — )t P100=8) > p(1 — B)

Take x = n(t) = — ¢

lim  Kue(— Uk~ & 507 KON = vp (— 1507 1)

k—+oo

Ugur G. Abdulla Evolution of Interfaces for the Reaction-Diffusion Equation



Proof of Lemma 4

Let 7 = kPt so that 7 — 0 as k — +oo; then

1 1 1
ks tan=m = (KP=14)50P = ramm

1

v (—UTT ) = [(C A0 b1 — )] T e =

1

hm’]‘ﬁ%luj:e(—l'rﬁa’r) = |:(C + e)liﬂla(liﬁ) o b(l B ﬂ)] o

710

1
1-8

Uge(m(T),T) ~ [(C + )71 0=8) _p(1 — /3)} TTE, T 0"

By comparison theorem, u_. < u < u, for x > z., 0 <t < § hence

1

u(z, t) ~ [olfﬂ(fm)i“—’” —b(1 - 5)4 7

as t ) 0" along x = 7;(¢). Lemma is proved.
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