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Introduction

Cauchy problem for the Reaction-Diffusion equation:

Lu ≡ ut − (um)xx + buβ = 0, x ∈ R, 0 < t < T, (1)

u(x, 0) = u0(x), x ∈ R (2)

where m > 1, b ∈ R, β > 0, 0 < T ≤ +∞, u0 ≥ 0, u0 ∈ C(R).

η(t) = sup{x : u(x, t) > 0}, η(0) = 0

u0(x) ∼ C(−x)α+, as x→ 0−, for some C > 0, α > 0. (3)

u0(x) = C(−x)α+, x ∈ R (4)

Barenblatt’s problem: Does interface expand, shrink or remain
stationary? Find the short-time behavior of the interface function η(t)
and u(x, t) near x = η(t).
The Answer depends on m,β, b, C, α. Is it possible to give a full
classification?
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Fig. 1. Classification of different cases in the (α, β) plane for interface development in problem
(1.1)–(1.4).

paper [3]. The comparison theorems from [3] are widely used in the proof of the main
results of this paper.

The organization of the paper is as follows: In section 2 we outline the main
results. In section 3 we then apply scale of variables methods for some preliminary
estimations which are necessary for using our barrier technique. Finally in section 4
we prove the results of section 2.

To avoid difficulties for the reader we give explicit values of some of the constants
which appear in sections 2 and 4 (the case I(2)) in the appendix.

Remark 1.1. We shall not consider in this paper the case b < 0, 0 < β < 1 when,
for some range of m and β, nonuniqueness of the solution to (1.1), (1.2) is possible.
The Cauchy problem (1.1), (1.2) in this range of parameters has been extensively in-
vestigated in [33, 34]. Existence and boundary regularity results for Cauchy–Dirichlet
and Dirichlet problems for equation (1.1) in noncylindrical domains with nonsmooth
boundaries which are applicable to this case have been established in [3], but in order to
prove similar results for the problem of the evolution of interfaces in this case it would
be important first to establish special comparison results in such domains as well. It
should also be pointed out that by using the results of [3], a similar classification of the
evolution of (possible) interfaces and local solutions may be given in the fast diffusion
case (0 < m < 1). We shall address these issues in a subsequent paper.

2. Description of main results. We divide the results into the two different
subcases:

(I) b ̸= 0 (either b > 0, β > 0 or b < 0, β ≥ 1) and m > 1;
(II) b = 0.
(I) In this case there are four different subcases, as shown in Figure 1. (In view

of our assumptions, the case b < 0 relates to the part of the (α, β) plane with β ≥ 1.)
(1) Suppose that α < 2/(m − min{1, β}). In this case the interface initially

expands and

η(t) ∼ ξ∗t
1/(2−α(m−1)) as t → 0+,(2.1)
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Nonlinear Diffusion

Lemma 1
Let u solve (1),(2),(4) with m > 1, 0 < α < 2

m−1 . Then

u(x, t) = t
α

2+α(1−m) f(ξ), ξ = xt−
1

2+α(1−m) , f(ξ) = u(ξ, 1)

d2fm

dξ2
+

1

2 + α(1−m)
ξ
df

dξ
− α

2 + α(1−m)
f = 0, ξ ∈ R

f ∼ C(−ξ)αas ξ ↓ −∞, f(+∞) = 0

,

∃ξ∗ such that f(ξ) > 0,−∞ < ξ < ξ∗; f(ξ) ≡ 0, ξ ≥ ξ∗, η(t) = ξ∗t
1

2+α(1−m)

Let w be a solution of (1),(2),(4) with C = 1, and f0(ξ) = w(ξ, 1) be a
corresponding solution of the nonlinear ODE. Then

f(ρ) = C
2

2+α(1−m)) f0(C
m−1

α(m−1)−2 ρ), ξ∗ = C
m−1

2−α(m−1) ξ′∗, ξ
′
∗ = sup{ρ : f0(ρ) > 0}

If u0 satisfies (3) then η(t) ∼ ξ∗t
1

2+α(1−m) as t ↓ 0 and ∀ρ < ξ∗

u(x, t) ∼ f(ρ)t
α

2+α(1−m) as t ↓ 0 along x = ξρ(t) = ρt
1

2+α(1−m)
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Proof of Lemma 1: global case

v(x, t) = ku(kγx, kµt)

γ = − 1
α , µ = α(m−1)−2

α ⇒ v solves (1),(2),(4) ⇒ due to uniqeness.

v(x, t) = u(x, t) = ku(k−
1
αx, k

α(m−1)−2
α t) (5)

Choose k = t
α

2−α(m−1) ⇒ u(x, t) = t
α

2+α(1−m)u(xt−
1

2+α(1−m) , 1)
Find dependence of u (or f) on C: v = C−1u satisfies:

C1−mvt = (vm)xx, x ∈ R, 0 < t < T ; v(x, 0) = (−x)α+, x ∈ R

Choose τ = Cm−1t, w(x, τ) = v(x,C1−mτ) ⇒ w solves (1),(2),(4) with
C = 1. Hence u(x, t) = Cw(x,Cm−1t). From (5) ⇒

u(x, t) = kw(C
1
α k−

1
αx,C

2
α k

α(m−1)−2
α t) (6)

k = (C
2
α t)

α
2−α(m−1) ⇒ u(x, t) = C

2
2−α(m−1)w(C

m−1
α(m−1)−2 ξ, 1)t

α
2−α(m−1)
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Proof of Lemma 1: local case

u(x, t) = t
α

2+α(1−m) f(ξ)⇒ f(ρ) = C
2

2+α(1−m)) f0(C
m−1

α(m−1)−2 ρ)

⇒ ξ∗ = C
m−1

2−α(m−1) ξ′∗ ⇒ global case is proved

Local case: u0(x) ∼ C(−x)α+, as x→ 0−, for some C > 0, α > 0

∀ε > 0, ∃xε < 0,
(
C − ε

2

)
(−x)α+ ≤ u0(x) ≤

(
C +

ε

2

)
(−x)α+, x ≥ xε

Let u±ε(x, t) be a solution of (1), (2) with u0(x) = (C ± ε)(−x)α+

∃δ = δ(ε) > 0 uε(xε, t) ≥ u(xε, t), u−ε(xε, t) ≤ u(xε, t), 0 ≤ t ≤ δ

Comparison Theorem ⇒ u−ε ≤ u ≤ uε, x ≥ xε, 0 ≤ t ≤ δ

u±ε(x, t) = f(ξ;C ± ε)t α
2+α(1−m) , ξ = xt−

1
2+α(1−m)

u±ε(ξρ(t), t) = f(ρ;C ± ε)t α
2+α(1−m) , ξρ(t) = ρt

1
2+α(1−m) , ρ < ξ∗
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Proof of Lemma 1: local case

f(ρ;C) = C
2

2+α(1−m)) f0(C
m−1

α(m−1)−2 ρ)

Take in u−ε ≤ u ≤ uε x = ξρ(t), multiply by t−
α

2+α(1−m) ⇒

u−ε(ξρ(t), t)t
− α

2+α(1−m ≤ u(ξρ(t), t)t
− α

2+α(1−m) ≤ uε(ξρ(t), t)t−
α

2+α(1−m)

f(ρ;C − ε) ≤ u(ξρ(t), t)t
− α

2+α(1−m) ≤ f(ρ;C + ε), 0 ≤ t ≤ δ

f(ρ;C − ε) ≤ lim inf
t↓0

u(ξρ(t), t)t
α

α(m−1)−2 ≤ lim sup
t↓0

· · · ≤ f(ρ;C + ε)

ε ↓ 0 ⇒ u(ξρ(t), t) ∼ f(ρ;C)t
α

2+α(1−m) as t ↓ 0; ∀ρ < ξ∗

ξ∗(C − ε)t
1

2+α(1−m) ≤ η(t) ≤ ξ∗(C + ε)t
1

2+α(1−m) , 0 ≤ t ≤ δ

η ∼ ξ∗t
1

2+α(1−m) , as t ↓ 0; ξ∗ = C
m−1

2+α(1−m) ξ′∗

Lemma 1 is proved.
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Summary of Lemma 1

Consider {
ut = (um)xx, x ∈ R, t > 0

u(x, 0) = C(−x)α+, x ∈ R
(7)

u(x, t) = t
α

2−α(m−1) f(ξ), ξ =
x

t
1

2−α(m−1){
(fm)′′ + ξf ′ − α

2−α(m−1)f = 0, −∞ < ξ < ξ∗

f(−∞) ∼ C(−ξ)α, f(ξ∗) = 0, f(ξ) ≡ 0, ξ ≥ ξ∗
(8)

In fact, f(ξ) = u(ξ, 1). Scaling out C → 1:

f(ρ) = C
2

2−α(m−1) f0(C
m−1

2−α(m−1) ρ)

f0 solves (8) with C = 1; f0(ξ) = w(ξ, 1), w(ξ, 1) solves (7) with

C = 1.If u0(x) ∼ C(−x)α+ ⇒ η(t) ∼ ξ∗t
1

2+α(1−m) as t ↓ 0 and ∀ρ < ξ∗

u(x, t) ∼ f(ρ)t
α

2+α(1−m) as t ↓ 0 along x = ξρ(t) = ρt
1

2+α(1−m)
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Lemma 2

Lemma 2
Let u solve

ut = (um)xx − buβ , x ∈ R, t > 0 (9)

u(x, 0) = u0(x), x ∈ R (10)

u0 ∼ C(−x)α+, as x ↑ 0 (11)

a) b > 0, 0 < β < 1 < m, 0 < α < 2/(m− β)

b) b 6= 0, β ≥ 1, m > 1, 0 < α < 2/(m− 1)

Then
u(x, t) ∼ f(ρ)t

α
2−α(m−1) , x = ξρ(t) = ρt

1
2−α(m−1)
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Proof of Lemma 2

u0 ∼ C(−x)α+ ⇒ ∀ε > 0, ∃xε < 0

(C − ε/2)(−x)α+ ≤ u0(x) ≤ (C + ε/2)(−x)α+, x ≥ xε

∃δ(ε) > 0 : u−ε(xε, t) ≤ u(xε, t) ≤ uε(xε, t), 0 ≤ t ≤ δ

u−ε ≤ u ≤ uε, x ≥ xε, 0 ≤ t ≤ δ
Scale u as in the diffusion case

u±εk (x, t) = ku±ε(k
− 1
αx, k

α(m−1)−2
α t), k ≥ 0

Calculate (
u±εk
)
t
−
(
u±εk
)m
xx

= −b
(
u±εk
)β
k
α(m−β)−2

α

{
ut = (um)xx − bk

α(m−β)−2
α uβ = 0, x ∈ R, t > 0

u(x, 0) = (C ± ε)(−x)α+, x ∈ R
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Proof of Lemma 2

α(m− β)− 2 < 0 ⇒ lim
k→∞

u±εk (x, t) = v±ε(x, t), x ∈ R, t ≥ 0 (12)

v±ε solves

{
vt = (vm)xx

v
∣∣
t=0

= (C ± ε)(−x)α+, T = +∞
By the previous lemma 1

v±ε(ξρ(t), t) = f(ρ, C ± ε)t α
2−α(m−1)

From (12)

lim
k→∞

ku±ε(k
− 1
α ξρ(t), k

α(m−1)−2
α t) = f(ρ;C ± ε)t α

2−α(m−1) , t ≥ 0 (13)

Let k
α(m−1)−2

α t = τ so k−
1
α ξρ(t) = ξρ(τ) so from (13),

lim
k→+∞
(τ→0)

ku±ε(k−
1
α ξρ(t), k

α(m−1)−2
α t)

t
α

2−α(m−1)
= f(ρ;C ± ε)
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Proof of Lemma 2

lim
τ→0

u±ε(ξρ(τ), τ)

τ
α

2−α(m−1)

= f(ρ;C ± ε)

So
u±ε(ξρ(τ), τ) ∼ f(ρ;C ± ε)τ α

2−α(m−1) , τ ↓ 0

By comparison, from u−ε ≤ u ≤ uε it follows that

u(x, t) ∼ f(ρ;C)t
α

2−α(m−1) , t ↓ 0 (14)

Lemma 2 is proved except in case b) with b < 0. Let b < 0, β ≥ 1,
m > 1, 0 < α < 2/(m− 1) and suppose u±ε solves

ut − (um)xx + buβ = 0, |x| < |xε|, 0 < t ≤ δ
u(x, 0) = (C ± ε)(−x)α+
u(xε, t) = (C ± ε)(−xε)α, u(−xε, t) = 0, 0 ≤ t ≤ δ

(15)
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Proof of Lemma 2

Scale u as in the diffusion case
u±ε
k (x, t) = ku±ε(k

− 1
α x, k

α(m−1)−2
α t), k > 0

ut − (um)xx + bk
α(m−β)−2

α uβ = 0, Dk
ε = {|x| < k

1
α |xε|, 0 < t ≤ k

2−α(m−1)
α δ}

u(x, 0) = (C ± ε)(−x)α+, |x| < k
1
α |xε|

u(k
1
α xε, t) = k(C ± ε)(−xε)α, u(−k

1
α xε, t) = 0, 0 ≤ t ≤ k

2−α(m−1)
α δ

(16)

[UA, JDE] ⇒ ∃δ > 0 for which there is a local soln, and a comparison
theorem implies

u−ε ≤ u ≤ uε, |x| < |xε|, 0 ≤ t ≤ δ

Convergence of the u±εk : consider

g(x, t) = (C + 1)(1 + x2)α/2(1− νt) 1
1−m , x ∈ R, 0 ≤ t ≤ t0 =

ν−1

2
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Proof of Lemma 2

Calculate

Lkg ≡ gt−(gm)xx+bk
α(m−β)−2

α gβ = (C+1)(m−1)−1(1+x2)
α
2 (1−νt)

m
1−m S

S = ν − h(x) + b(m− 1)(C + 1)β−1k
α(m−β)−2

α (1 + x2)
α(β−1)

2 (1− νt)
β−m
1−m

ν = h∗ + 1, h∗ = h(α,m) = max
R

h(x),

h(x) = (m− 1)(C + 1)m−1αm(1 + x2)
α(m−1)

2
−2(1 + (αm− 1)x2

)
Here α(m−1)−2

2
< 0 and S ≥ 1 +R where

R = O
(
k
α(m−β)−2

α
(
k

2
α
)α(β−1)

2

)
= O

(
km−1− 2

α

)
So when k →∞ S > 0⇒ Lkg ≥ 0 on Dk

oε = Dk
ε ∩ {0 < t ≤ t0}

g(x, 0) ≥ u±ε
k (x, 0)

g(±k
1
α xε, t) ∼ (C+1)(1+k

2
α x2ε)

α
2 ≥ (C+1)k|xε|α ≥ u±ε

k (±k
1
α xε, t), 0 ≤ t ≤ t0

Ugur G. Abdulla Evolution of Interfaces for the Reaction-Diffusion Equation



15

Proof of Lemma 2

By comparison theorem,

0 ≤ u±εk (x, t) ≤ g(x, t) in Dk
oε

For any compact G ⊂ P = {x ∈ R, 0 < t ≤ t0} u±εk is uniformly
bounded and ([UA, JDE]) uniformly Hölder continuous ⇒ ∃v±ε s.t.

lim
k′→+∞

u±εk′ = v±ε(x, t), (x, t) ∈ P

Since in
ut − (um)xx + bk

α(m−β)−2
α uβ = 0

the exponent α(m− β)− 2 < 0, it follows that v±ε solves

ut = (um)xx, x ∈ R, 0 < t ≤ t0
u(x, 0) = (C ± ε)(−x)α+, x ∈ R

The rest of the proof is similar to the previous case.
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Proof of Lemma 2

By the previous lemma 1

v±ε(ξρ(t), t) = f(ρ, C ± ε)t α
2−α(m−1)

lim
k→∞

ku±ε(k
− 1
α ξρ(t), k

α(m−1)−2
α t) = f(ρ;C ± ε)t α

2−α(m−1) , t ≥ 0 (17)

Let k
α(m−1)−2

α t = τ so k−
1
α ξρ(t) = ξρ(τ) so from (17),

lim
k→+∞
(τ→0)

ku±ε(k−
1
α ξρ(t), k

α(m−1)−2
α t)

t
α

2−α(m−1)

= f(ρ;C ± ε)

lim
τ→0

u±ε(ξρ(τ), τ)

τ
α

2−α(m−1)

= f(ρ;C ± ε)

u±ε(ξρ(τ), τ) ∼ f(ρ;C ± ε)τ α
2−α(m−1) , τ ↓ 0

By comparison, from u−ε ≤ u ≤ uε it follows that

u(x, t) ∼ f(ρ;C)t
α

2−α(m−1) , t ↓ 0 along x = ξρ(t) = ρt
1

2+α(1−m)

Lemma is proved.
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Lemma 3

Lemma 3
Let u solve

ut = (um)xx − buβ , x ∈ R, t > 0 (18)

u(x, 0) = C(−x)α+, x ∈ R, α = 2/(m− β) (19)

Where b > 0, 0 < β < 1, m ≥ 1. Then

u(x, t) = t
1

1−β f1(ζ), ζ =
x

t
m−β

2(1−β)
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Proof of Lemma 3

Choose v(x, t) = ku(kγ1x, kγ2t) so

vt − (vm)xx + bvβ = k1+γ2ut − km+2γ1(um)xx + bkβuβ

Choose 1 + γ2 = m+ 2γ1 = β.

v(x, 0) = u(kγ1x, 0) = kC(−x)α+k
γ1α = k1+γ1αC(−x)α+

Choose 1 + γ1α = 1 + γ1
2

m−β = 0 so γ1 = (β −m)/2 and
γ2 = β − 1. Hence

v(x, t) = ku(k
β−m

2 x, kβ−1t) solves (18), (19)

Uniqueness⇒ u(x, t) = ku(k
β−m

2 x, kβ−1t)

Choose kβ−1t = 1,

u(x, t) = t
1

1−β u

(
x

t
m−β

2(1−β)
, 1

)
= t

1
1−β u(ζ, 1)

Hence f(ζ) = u(ζ, 1).
Ugur G. Abdulla Evolution of Interfaces for the Reaction-Diffusion Equation
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Proof of Lemma 3

with
u(x, t) = t

1
1−β f(ζ), ζ =

x

t
m−β

2(1−β)

Calculate

ut − (um)xx + buβ =
1

1− β t
β

1−β f − m− β
2(1− β)

ζf ′t
β

1−β−

−t β
1−β (fm)′′ + bt

β
1−β fβ = 0

When x < 0, limt→0 u(x, t) = C(−x)
2

m−β
+ , so

u(x, t) = t
1

1−β f

(
x

t
m−β

2(1−β)

)
⇒ lim

t↓0
u(x, t)

C(−x)
2

m−β
=

= lim
t↓0

t
1

1−β f
(

x

t
m−β

2(1−β)

)
C(−x)

2
m−β

= lim
ζ↓−∞

f(ζ)

C(−ζ)
2

m−β
= 1

When x > 0, limt→0 u(x, t) = 0 ⇒ limζ↑+∞ f(ζ) = 0

Ugur G. Abdulla Evolution of Interfaces for the Reaction-Diffusion Equation
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Proof of Lemma 3

{
(fm)′′ + m−β

2(1−β)ζf
′ 1
1−β f − bfβ = 0, ζ ∈ R

f(ζ) ∼ C(−ζ)
2

m−β as ζ ↓ −∞, f(+∞) = 0

Lemma is proved.
∃ζ∗ st. f ≡ 0 if ζ ≥ ζ∗; f(ζ) > 0, if ζ < ζ∗.

If C = C∗ ≡
[
b(m− β)2

2m(m+ β)

] 1
m−β

then ζ∗ = 0

f(ζ) = C∗(−ζ)
2

m−β
∗ ⇒ u(x, t) = C∗(−x)

2
m−β is a stationary solution

If C ≶ C∗ then ζ∗ ≶ 0; If C > C∗ ⇒ ζ∗ > 0 ⇒ f(0) = A where

A(m,β,C, b) > 0 ⇒ u(0, t) = At
1

1−β

If u0(x) ∼ C(−x)
2

m−β
+ as x ↑ 0 and C > C∗ ⇒ u(0, t) ∼ At 1

1−β as t ↓ 0.
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Lemma 4

Lemma 4
Let u solve

ut = (um)xx − buβ , x ∈ R, t > 0 (20)

u(x, 0) = u0(x), x ∈ R (21)

u0 ∼ C(−x)α+, as x ↑ 0 (22)

If b > 0, 0 < β < 1, α > 2
m−β , then ∀l > l∗ = C−1/α

(
b(1− β)

) 1
1−β

u(x, t) ∼
[
C1−β(−x)

α(1−β)
+ − b(1− β)t

] 1
1−β

as t ↓ 0, x = ηl(t) = −lt 1
α(1−β)

Ugur G. Abdulla Evolution of Interfaces for the Reaction-Diffusion Equation
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Proof of Lemma 4

∀ε > 0, ∃xε < 0
(
C − ε

2

)
(−x)α+ ≤ u0(x) ≤

(
C +

ε

2

)
(−x)α+, x ≥ xε

∃δ > 0 u−ε(xε, t) ≤ u(xε, t) ≤ uε(xε, t), 0 ≤ t ≤ δ
Let u±ε be a solution of the problem

vt − (vm)xx + bvβ = 0, |x| < |xε|, 0 < t ≤ δ
v(x, 0) = (C ± ε)(−x)α+, |x| ≤ |xε|
v(xε, t) = (C ± ε)(−xε)α, v(−xε, t) = u(−xε, t), 0 ≤ t ≤ δ

Comparison Theorem implies

u−ε ≤ u ≤ uε, |x| ≤ |xε|, 0 ≤ t ≤ δ

Ugur G. Abdulla Evolution of Interfaces for the Reaction-Diffusion Equation
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Proof of Lemma 4

Scale u±ε according to inv. scale of ut + buβ = 0, u(x, 0) = C(−x)α+:

uk(x, t) = ku
(
kγ1x, kγ2t

)
,

uk(x, 0) = kC(−kγ1x)α = k1+γ1αC(−x)α+ = k1+γ1αu(x, 0)

uk,t + buβk = k1+γ2ut + bkβuβ

Hence if we choose

1 + γ1α = 0, 1 + γ2 = β or γ1 = −1/α, γ2 = β − 1

Then by uniqueness

uk(x, t) = u(x, t) = ku
(
k−1/αx, kβ−1t

)
.
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Proof of Lemma 4

Set
u±εk (x, t) = ku±ε

(
k−1/αx, kβ−1t

)

(u±εk )t + b(u±εk )β = kβ(u±ε)τ + bkβuβ±ε = kβ
[
(u±ε)τ + buβ±ε

]
=

= kβ
(
um±ε
)
XX

= kβk−m+ 2
α (u±εk )mxx

So u±εk (x, t) satisfies
vt − k

2−α(m−β)
α (vm)xx + bvβ = 0 in Ekε

v(x, 0) = (C ± ε)(−x)α+, |x| ≤ k
1
α |xε|

v
(
k

1
αxε, t

)
= k(C ± ε)(−xε)α

v(−k 1
αxε, t) = ku(−xε, kβ−1t), 0 ≤ t ≤ k1−βδ

Ekε = {|x| < k
1
α |xε|, 0 < t ≤ k1−βδ}

Note: 2−α(m−β)
α < 0.
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Proof of Lemma 4

Convergence of {u±εk }: Take g(x, t) = (C + 1)(1 + x2)α/2et.

L̃kg = gt−k
2−α(m−β)

2 (gm)xx+bgβ ≥ g(1+R) in Ekoε = Ekε ∩{0 < t ≤ t0}

R = O(kθ) uniformly for (x, t) ∈ Ekoε as k →∞,

θ =

{
2−α(m−β)

α , if α < 2
m−1

β − 1, if α ≥ 2
m−1
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Proof of Lemma 4

0 < ε� 1⇒ g(x, 0) ≥ u±εk (x, 0), |x| ≤ k 1
α |xε|

Since
u±εk (−k 1

αxε, t) = o(k), 0 ≤ t ≤ t0 as k →∞,

g(±k 1
αxε, t) ≥ u±εk (±k 1

αxε, t), 0 ≤ t ≤ t0
If k � 1 by Comparison Theorem we have

0 ≤ u±εk (x, t) ≤ g(x, t) in Ēkoε

Hence, {u±εk } is uniformly bounded in Ēkoε and accordingly ([UA, JDE])
it is uniformly Hölder continuous on any compact
G ⊂ P = {x ∈ R, 0 < t ≤ t0} s.t.⇒ ∃k′ such that

lim
k′→+∞

u±εk′ (x, t) = v±ε(x, t) which solves
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Proof of Lemma 4

vt + bvβ = 0, x ∈ R, 0 < t ≤ t0; v(x, 0) = (C ± ε)(−x)α+, x ∈ R

v±ε(x, t) =
[
(C ± ε)1−β(−x)

α(1−β)
+ − b(1− β)t

] 1
1−β

+

Let

l > l∗ = C−
1
α

(
b(1− β)

) 1
α(1−β) , and ε > 0 are chosen such that

(C − ε)1−βlα(1−β) > b(1− β)

Take x = ηl(t) = −lt 1
α(1−β) .

lim
k→+∞

ku±ε
(
− lk− 1

α t
1

α(1−β) , kβ−1t
)

= v±ε(−lt
1

α(1−β) , t)
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Proof of Lemma 4

Let τ = kβ−1t so that τ → 0 as k → +∞; then

k−
1
α t

1
α(1−β) =

(
kβ−1t

) 1
α(1−β) = τ

1
α(1−β)

v±ε(−lt
1

α(1−β) , t) =
[
(C ± ε)1−βlα(1−β) − b(1− β)

] 1
1−β

t
1

1−β ⇒

lim
τ↓0

τ
1

β−1u±ε(−lτ
1

α(1−β) , τ) =
[
(C ± ε)1−βlα(1−β) − b(1− β)

] 1
1−β

u±ε(ηl(τ), τ) ∼
[
(C ± ε)1−βlα(1−β) − b(1− β)

] 1
1−β

τ
1

1−β , τ → 0+

By comparison theorem, u−ε ≤ u ≤ uε for x ≥ xε, 0 ≤ t ≤ δ hence

u(x, t) ∼
[
C1−β(−x)

α(1−β)
+ − b(1− β)t

] 1
1−β

as t ↓ 0+ along x = ηl(t). Lemma is proved.
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