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Introduction

One-phase Stefan problem: find the temperature function u(x,t) in
Q={(z,t): 0<z<s(t), 0<t<T} and the free boundary = = s(t)
from (1)-(5):
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Introduction

One-phase Stefan problem: find the temperature function u(x,t) in
Q={(z,t): 0<z<s(t), 0<t<T} and the free boundary = = s(t)
from (1)-(5):

(a(z,t)ug)e + b(x, t)ug + c(x, t)u —uy = f(x,t), for (z,t) € Q (1)
u(z,0) = ¢(z), 0<z<s(0)=sg (2)
a(0,t)uz(0,t) = g(¢), 0<t<T (3)

a(s(t), ux(s(t), 1) +v(s(t),0)s'(t) = x(s(1), 1),  0<t<T (4)

a(z,t) >ap >0, s9>0 (6)
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Inverse Stefan Problem

Assume that the boundary heat flux g(t) is not available.
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Assume that the boundary heat flux g(t) is not available.
u(0,t) =v(t), for0<t<T (7)

Inverse Stefan Problem (ISP): Find the functions u(zx,t) and s(t) and
the boundary heat flux g(t) satisfying conditions (1)-(7).
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Inverse Stefan Problem

Assume that the boundary heat flux g(t) is not available.
u(0,t) =v(t), for0<t<T (7)

Inverse Stefan Problem (ISP): Find the functions u(zx,t) and s(t) and
the boundary heat flux g(t) satisfying conditions (1)-(7).

(a(z, t)ug)s + b(x, )ug + c(z, t)u —up = f(x,t), for (z,t) € Q

u(z,0) = ¢(x), 0<z<s(0)=sg
a(0,t)uy(0,t) = g(t), 0<t<T
a(s(t), t)ua(s(t), £) + y(s(t), )s'(t) = x(s(t),t), ~ 0<t<T
u(s(t), t) = p(t), 0<t<T

u(z, T) =w(x), for0<ax<s(T),
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Optimal Control Problem

T (v) = Bollu(0,t) = v(t) 7,017 + Bullu(s(t),t) = p®) 2,007 (8)

Vg = {v = (s,g) € W2[0,T] x W[0,T] : 6 < s(t) <1,

(0) = so,max( [lslhwz: lgllw;) < R}
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Optimal Control Problem

T (v) = Bollu(0,t) = v(t) 7,017 + Bullu(s(t),t) = p®) 2,007 (8)

Vg = {v = (s,g) € W2[0,T] x W[0,T] : 6 < s(t) <1,

(0) = so,max( [lslhwz: lgllw;) < R}

(a(z, t)ug)z + b(x, )uy + c(z, t)u —up = f(x,t), for (z,t) € Q (9)

u(z,0) = ¢(z), 0<z<s(0)=sg (10)

a(0,t)u,(0,t) = g(¢), 0<t<T (11)

a(s(t),hus(s(t),t) +(s(t),8)s'(t) = x(s(t),1), 0<t<T (12)
, 1)
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I//I/’Ql’l(Q)—sqution of the Neumann Problem

Definition 1
The function u € WQM(Q) is called a weak solution of the problem

(9)-(12) if u(z,0) = ¢(x) € W40, s0] and
T prs(t)
0= /0 /0 [au, @y — b, ® — cud + u;d + f@] da dt
T T
+ / I (s(8), )8 (8) — x(s(1), )@ (s(t), ) dt + / g(H®(0, 1) dt (13)
0 0

for arbitrary ® € W, (Q)
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I//’V;’l(Q)—sqution of the Neumann Problem

Definition 1

The function u € WQM(Q) is called a weak solution of the problem
(9)-(12) if u(z,0) = ¢(x) € W40, s0] and

T prs(t)
0= / / [aumq)a: - buz(I) —cud + 'thq) + f(I)] dx dt
0 0
T

(
T
+ / I (s(8), )8 (8) — x(s(1), )@ (s(t), ) dt + / g()®(0, 1)t (13)
0 0
for arbitrary ® € W, (Q)

W, (92) - Hilbert space of all elements of Ly(2) whose weak derivatives
%' % belong to Ls(f2), and scalar product is defined as

Oudv  Ouldv
(u,v) = /Q (uv + Er + aa)dmdt
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V5(§2)-solution of the Neumann Problem

Definition 2
The function u € V2(Q) is called a weak solution of (9)-(12) if

0= / /S(t [auy @y — b ® — cu® — udy + f@] dr dt—
/ o(z)®(z,0) d:r+/0 g(t)®(0,t) dt+
+/0 [v(s(),1)s'(t) — u(s(t),1)s'(t) — x(s(t), )] (s(t),¢) dt  (14)

for arbitrary ® € W,"' () such that ®|,_,. = 0.
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V5(§2)-solution of the Neumann Problem

Definition 2
The function u € V5(Q) is called a weak solution of (9)-(

-(12) if
0= / /S(t [auy @y — b ® — cu® — udy + f@] dr dt—
/ o(z)®(z,0) d:r+/0 g(t)®(0,t) dt+
+/0 [v(s(),1)s'(t) — u(s(t),1)s'(t) — x(s(t), )] (s(t),¢) dt  (14)

for arbitrary ® € W,"' () such that ®|,_, =0

oull?
ox

@
or

U = | ess sup ||u(x,t +
ooy = (53 500 o, + | 52

1
) 2
L2 ()

1
) 2
L2(82)
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V5(§2)-solution of the Neumann Problem

Definition 2
The function u € V5(Q) is called a weak solution of (9)-(

-(12) if

s(t
0= / / l[au, @y — bu, @ — cu® — ud; + fO] dw dt—

/ o(z)®(z,0) d:c+/0 g(t)®(0,t) dt+
+/0 [v(s(t),8)s"(t) — uls(t),)s(t) = x(s(t), )] R(s(t), t) dt  (14)
for arbitrary ® € W,"' () such that ®|,_,. = 0.

oull?
ox

L2(Q) ) 2
oul|?
ox

1
) 2
Formulated optimal control problem will be called Problem I
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Discrete Optimal Control Problem

wr={t;j=j-7, j=0,1,...,n}
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Discrete Optimal Control Problem

wr={t;j=j-7, j=0,1,...,n}

Vi = {[v]n = ([s]n, [g]n) € R¥2: 0<d < sk <1,

max([[s]123: lglal2;) < B}
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Discrete Optimal Control Problem

wr={t;j=j-7, j=0,1,...,n}

Vi = {[v]n = ([s]n, [g]n) € R¥2: 0<d < sk <1,

max([[s]123: lglal2;) < B}
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Discrete Optimal Control Problem

wr={t;j=j-7, j=0,1,...,n}

Vi = {[v]n = ([s]n, [g]n) € R¥2: 0<d < sk <1,

max((|[slall%s: lglal%y) < R%)
[S]n = (507317 7571) S Rn+17 [g]n = (907917 7gn) S Rn+1

n—1 n n—1 n—1 n
| [S]n”ig = Z TSiJrZ 75%,k+2 TS%M, | [Q]n”i; = Z ngzJFZ Tg%,k'
k=0 k=1 k=1 k=0 k=1

Sk — Sgp—1 _ Sk41— Sk Sk+1 — 28k + Sg—1

Stk = - 5 Stk = - 5 Stk = T2
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Approximation and Interpolation Mappings

Introduce two mappings Q,, and P,, between continuous and discrete
control sets:

Qn(v) = [v]n = ([8]n, [9]n), forve Vg

where s, = s(tg), gx = g(tr), k= 0,1,...,n.
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Approximation and Interpolation Mappings

Introduce two mappings Q,, and P,, between continuous and discrete
control sets:

9, (v) = [l = ([8]n, [9]n), forve Vg
where s, = s(tg), gx = g(tr), k= 0,1,...,n.
Pu([v]n) = 0" = (s",9") € WZ[0,T] x W3[0,T] for [v], € V&,

Sn(t) _ { So + %3{71 0<t<,
Sgp—1+ (t —tg—1 — %)Sf,k—l + %(t — tk—l)zsft,k—l th—1 <t <tg.

t—tr-1), th—1 <t <ty k=1n.

k — Yk—
g"(t) = gy + I
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Steklov Averages

1 [t 1 [t
di(z) =+ / (e, 1) di, i = / h(t) dt,
th—1

T Jtr_1
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Steklov Averages

1 [t 1 [t
di(z) =+ / d(z,t)dt, by = / h(t) dt,
th—1

T iy T

d stands for any of the functions a, b, ¢, f, and h stands for any of the
functions v, i, g, g".
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Steklov Averages

I I
di(x) = f/ d(z,t)dt, hy = f/ h(t) dt,
T Jtr_1 T Jte_1
d stands for any of the functions a, b, ¢, f, and h stands for any of the
functions v, i, g, g".
Given v = (s,g) € Vg define Steklov averages of traces

=L [ O )t = [ w05 0

T tk71 T tkfl
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Steklov Averages

1 [t

dy(z) = f/ d(x,t)dt, hy, = 1/ttk h(t) dt,

T iy T

d stands for any of the functions a, b, ¢, f, and h stands for any of the
functions v, i, g, g".
Given v = (s,g) € Vg define Steklov averages of traces

=L [ O )t = [ w05 0

T tk71 T tkfl

Given [v],, = ([s]n,[g]n) € Vi define Steklov averages of traces

x?=l/kMf@ﬁﬁww$WV=l/k%¢®ﬁ®W®ﬁ-

T Jty_1
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Discrete State Vector

Definition 3
[w([v]n)]n = (u(x;0),u(z; 1), ...,u(z;n)) is called discrete state vector if

L. u(z;0) = ¢(x) € W3[0, so);
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Discrete State Vector

Definition 3
[w([v]n)]n = (u(x;0),u(z; 1), ...,u(z;n)) is called discrete state vector if

L. u(z;0) = ¢(z) € W0, sol;
2. u(w; k) € W40, si] satisfy the integral identity

[ (@0 ™5y @) - 0 M y0) = euwutas ate) + el

dx dx
uglws k)n(e)) de + (G (")) = X )nse) + gin(0) = 0,
vy € W3[0, 5] (15)
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Discrete State Vector

Definition 3
[w([v]n)]n = (u(x;0),u(z; 1), ...,u(z;n)) is called discrete state vector if

L. u(z;0) = ¢(z) € W0, sol;
2. u(w; k) € W40, si] satisfy the integral identity

[ (@0 ™5y @) - 0 M y0) = euwutas ate) + el

dx dx
uglws k)n(e)) de + (G (")) = X )nse) + gin(0) = 0,
vy € W3[0, 5] (15)

3. u(z; k) € W20, si] iteratively continued to [0,1] as

u(z; k) = w(2"sp — a3 k), 2" sy < < 2%sp,n =1, ny,
l
nr < N =1+ log,y [5} (16)
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Discrete Optimal Control Problem

507'2( (0; k) *Vk) +517'Z( sk k ,Uk)2 (17)

k=1
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507'2( (0; k) *Vk) +517'Z( sk k ,Uk)2 (17)

k=1

VE ={[v]n = ([8]n,[g]n) ER*2: 0 <6 < s <1,
max([|[s]u]12z; [llg)nllsy) < B}
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Discrete Optimal Control Problem

OTZ( (0; k) *Vk) +51TZ( sk k ,Uk)2 (17)

k=1

VE ={[v]n = ([8]n,[g]n) ER*2: 0 <6 < s <1,
max([|[s]u]12z; [llg)nllsy) < B}

[u([v]n)]n = (w(z;0),u(z; 1), ...,u(x;n)) be a discrete state vector.
Formulated discrete optimal control problem will be called Problem Z,,.
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Discrete Optimal Control Problem

507'2( (0; k) *Vk) +517'Z( sk k /lk)z (17)

k=1

Vi = {[v]n = ([s]n, [9]n) € R*2: 0 <6< s <1,
max([|[s]u]12z; [llg)nllsy) < B}

[u([v]n)]n = (w(z;0),u(z; 1), ...,u(x;n)) be a discrete state vector.
Formulated discrete optimal control problem will be called Problem Z,,.

ul (z,t) = u(a; k), it <t<tg, 0<a <l k=1,n,

W (z,t) = w(x; k—1)Fug(x; k) (t—tr—1), iftpmr <t <tg, 0<z <l k=1n
W7 (z,t) = u(x;n), ft>T, 0<z<lL
u” € Vao(D), 4 € Wyl (D)

Ugur G. Abdulla Inverse Stefan Problem



Existence of the Optimal Control

D={(z,t): 0<z<l, 0<t<T}
aabaCGLOO(D)) fGLQ(D)a
¢€ WZI[OﬂSO]a Y, X € WQ]-’]-(D)’ M7V€L2[07T]7

T
% € L (D), /0 ess sup

0<2<lI

da

ot

‘dt < +o00. (18)
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Existence of the Optimal Control

D={(z,t): 0<z<l, 0<t<T}
aabaCGLoo(D), fGLQ(D)a
¢€ WZI[OﬂSO]a Y, X € WQ]-’]-(D)’ M7V€L2[07T]7

T
% € L (D), /0 ess sup

0<2<lI

da

ot

‘dt < +o00. (18)

Theorem 4
The Problem I has a solution, i.e.

V*:{UEVR:J(U):j*Evi€n‘£Rj(’u)}7é®

Ugur G. Abdulla Inverse Stefan Problem



Convergence Theorem

Theorem 5
Sequence of discrete optimal control problems I,, approximates the
optimal control problem I with respect to functional, i.e.

lim I, =J,, (19)
n——+oo
where
I,, =infI,([v],), n=1,2,...
Vi

If [v],,. € V}} is chosen such that
In, < In([vln.) < In, + €n, €n L0,

then the sequence vy, = (sy, gn) = Pn([v]n.) converges to some element
Vs = (84, 0s+) € Vi weakly in W2[0,T] x W4[0,T), and strongly in
Ws[0,T) x L3[0,T). In particular s,, converges to s, uniformly on [0, T).
Moreover, piecewise linear interpolation 4™ of the discrete state vector
[u[v]n.]n converges to the solution u(z,t;v,) € Wy () of the

Neumann problem (1)-(4) weakly in W' (Q,.).



Preliminary Results

Lemma 6
For sufficiently small time step T, there exists a unique discrete state

vector [u([v],)]n for arbitrary discrete control vector [v],, € V.
The Proof uses a Sobolev energy estimate and Galerkin method.
1) Uniqueness: Assume

w(@wik—1)=0, fu(x) =0, (7o (s")) =Xk =gp =0
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Preliminary Results

Lemma 6
For sufficiently small time step T, there exists a unique discrete state

vector [u([v],)]n for arbitrary discrete control vector [v],, € V.
The Proof uses a Sobolev energy estimate and Galerkin method.
1) Uniqueness: Assume

w(@wik—1)=0, fu(x) =0, (7o (s")) =Xk =gp =0

We need to show u(x; k) solves (15) = u(x; k) = 0.
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Preliminary Results

Lemma 6
For sufficiently small time step T, there exists a unique discrete state

vector [u([v],)]n for arbitrary discrete control vector [v],, € V.
The Proof uses a Sobolev energy estimate and Galerkin method.
1) Uniqueness: Assume

n

w(z;k —1) =0, fr(z) =0, (’ysn (s”)’)k =N =92 =0

We need to show u(x; k) solves (15) = wu(z; k) = 0.Choose
n(x) = u(x; k) in (15):

Sk du\? du 1
— b —u — 24 2w de =0
/0 [ak(x)( ) E—U — CrUu” + —u T
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Preliminary Results

Lemma 6
For sufficiently small time step T, there exists a unique discrete state

vector [u([v],)]n for arbitrary discrete control vector [v],, € V.
The Proof uses a Sobolev energy estimate and Galerkin method.
1) Uniqueness: Assume

n

w(z;k —1) =0, fr(z) =0, (’ysn (s”)’)k =N =92 =0

We need to show u(x; k) solves (15) = wu(z; k) = 0.Choose
n(x) = u(x; k) in (15):

Sk du\? du 1
bt _b o 2 -2
/0 [ak(x) (dx) kU U + -

Sk 2 Sk
ao/ <du> dw+l/ u?dr <
0 d.’If T 0
eM (% [du\? M sk
<= — ) d — 4 M 2d
< [ (&) o (genn) [Tt
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Preliminary Results

€=ag/M=

s (du\® 11\ [ M? -
a0 <“> dx+<>/ w?dz <0, To<+M>
2 Jo dx T 10/ Jo 2aq
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Preliminary Results

€=ag/M=

s (du\® 11\ [ M? -
a0 <“> dx+<>/ w?dz <0, To<+M>
2 Jo dx T 10/ Jo 2aq

u(z; k) =0, 7 < 7.
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Preliminary Results

€=ag/M=

s (du\® 11\ [ M? -
a0 <“> dx+<>/ w?dz <0, To<+M>
2 Jo dx T 10/ Jo 2aq

u(z; k) =0, 7 < 7.
2) Existence: Consider

UN(QS) = Zdﬂbz‘(fﬂ)» {1/%} - VV21 [07 Sk]
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Preliminary Results
€=ag/M=
s (du\® 11\ [ M? -
il il B O (e / wde <0, p=(—+M
2 Jo dx T 10/ Jo 2aq

u(z; k) =0, 7 < 7.
2) Existence: Consider

UN(QS) = Zdiwi(l')? {1/%} - VV21 [07 Sk]

duN

[ a2t - ) S (o) - xlohunt@unta)
Frun()s(a) + o)) do = [ utask = 1) da-
0

[(nsm)" = Jilsa) = " 0), i =1, N
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Preliminary Results

Corresponding homogeneous system:
Zd [ |t - @i @) - awu; @)

0 ()(e) + Sel@)i(e) | de =0, i =1, N
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Preliminary Results

Corresponding homogeneous system:
Zd [ |t - @i @) - awu; @)

20y (aa) + )i(o)] do =0, 1= L

Multiply by d; and add to derive

| o (‘Zf) b0 () SNy () — cxl) (2)

1
—i—u?\,(x)} dr=0,i=1,...,N
pu
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Preliminary Results

Corresponding homogeneous system:

Sk
0

N
Sod; [ anug @00 - ) @)unt) - ento)s (0o
20y (aa) + )i(o)] do =0, 1= L
Multiply by d; and add to derive
/OSk {ak(:c) (d;xN> - bk(m)%uN(ﬁ) — en(@)uiy (z)
+iu?v(x)} de=0,i=1,...,N

In a similar way to the uniqueness result, it follows that uy = 0, which
implies the unique solution uy (x) to the original system.
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Preliminary Results

We now seek a uniform estimation of sequence {uy(x)} in order to pass
N — o0 and find the corresponding discrete state vector.
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Preliminary Results

We now seek a uniform estimation of sequence {uy(x)} in order to pass
N — o0 and find the corresponding discrete state vector. Multiply the
system by d; and add with respect to ¢ to derive

duN duN

/OSk [ak(m) (dw)2 = bi(z)— ~un(z) ~ cr(@)u (z)
1)+ feleun(@)] do = [ utaik - Dun(o) o

~[(ren ()" = s Ju (i) = 9P (0)
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Preliminary Results

We now seek a uniform estimation of sequence {uy(x)} in order to pass
N — o0 and find the corresponding discrete state vector. Multiply the
system by d; and add with respect to ¢ to derive

duN duN

/OSk [ak(m) (d:c)2 = bi(z)— ~un(z) ~ cr(@)u (z)
1)+ feleun(@)] do = [ utaik - Dun(o) o

~[(ren ()" = s Ju (i) = 9P (0)

Estimate the integrals on the LHS and estimate as before to find
2

ap [°* (dun 1/sk 2 ‘ N k

- — - < n n n

2 /. (m) T @) < {0 ) T el

e luv(@1+ 2 [ (1@l + Hutas k- Dl fu (o)l do

lun (si)|+
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Preliminary Results

We now seek a uniform estimation of sequence {uy(x)} in order to pass
N — o0 and find the corresponding discrete state vector. Multiply the
system by d; and add with respect to ¢ to derive

duN duN

/OSk [a’f(x) (dm)2 = bi(z)— ~un(z) ~ cr(@)u (z)
1)+ feleun(@)] do = [ utaik - Dun(o) o

~[(ren ()" = s Ju (i) = 9P (0)

Estimate the integrals on the LHS and estimate as before to find
2

ap [°* (dun 1/sk 2 ‘ N k

- — - < n n n

2 /. (m) T @) < {0 ) T el

e luv(@1+ 2 [ (1@l + Hutas k- Dl fu (o)l do

T < %" Morrey's inequality implies

lun (si)|+

max{[un (0)[; [un (s8)[} < lunllcro,s,) < Clunllwgio s,
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Preliminary Results

Using Cauchy inequality with ¢, it follows that
2 2 2
g 0,601 < C (s b = DI g0y + 17l 10,00 +

2
+H O N+ il + 19)
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Preliminary Results

Using Cauchy inequality with ¢, it follows that
2 2 2
g 0,601 < C (s b = DI g0y + 17l 10,00 +
k|2 2
[ Cren )|+ [l + 1P

Hence {uy} is weakly precompact in W3[0, s;]. Let v(x) be the weak
limit point.
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Preliminary Results

Using Cauchy inequality with ¢, it follows that
2 2 2
g 0,601 < C (s b = DI g0y + 17l 10,00 +
k|2 2
[ Cren )|+ [l + 1P

Hence {uy} is weakly precompact in W3[0, s;]. Let v(x) be the weak
limit point. Pass to the limit in the integral identity for uy to find

Sk dv dv
[ | vt - o) foonto) - ex@rt@punta)
—l—%v(w)z/)i(x) + fk(x)wl(x)] dr = %/0 ' w(x; kb — 1); do—

[ (s =5 o) — g 4i(0), i = 1,2,
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Preliminary Results

Using Cauchy inequality with ¢, it follows that
2 2 2
lun 0,6, < C( [uz; k= DL, 0,600 + 1kl 2a00,50) +
k|2 2
(o (™) |+ 19

Hence {uy} is weakly precompact in W3[0, s;]. Let v(x) be the weak
limit point. Pass to the limit in the integral identity for uy to find

[ | vt - o) foonto) - ex@rt@punta)
—l—%v(m)z/)i(x) + fk(x)wl(x)] de = % /Sk w(a; k— 1), do—
0
[ (s =5 o) — g 4i(0), i = 1,2,

That is, v satisfies the appropriate integral identity with n(z) = ¥;(x).
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Preliminary Results

Using Cauchy inequality with ¢, it follows that
2 2 2
lun 0,6, < C( [uz; k= DL, 0,600 + 1kl 2a00,50) +
k|2 2
(o (™) |+ 19

Hence {uy} is weakly precompact in W3[0, s;]. Let v(x) be the weak
limit point. Pass to the limit in the integral identity for uy to find

[ | vt - o) foonto) - ex@rt@punta)

#2000 + )i o =2 [ utai k- 1w o

[(ron (7)) = x| (1) = " 0i(0), i = 1,2,

That is, v satisfies the appropriate integral identity with n(z) = ¥;(x).
Since {¢;} is fundamental in W3 [0, s], it follows that v(z) satisfies the
integral identity for any n(z) € W20, s).
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Preliminary Results

Using Cauchy inequality with ¢, it follows that
2 2 2
lun 0,6, < C( [uz; k= DL, 0,600 + 1kl 2a00,50) +
k|2 2
(o (™) |+ 19

Hence {uy} is weakly precompact in W3[0, s;]. Let v(x) be the weak
limit point. Pass to the limit in the integral identity for uy to find

[ | vt - o) foonto) - ex@rt@punta)

#2000 + )i o =2 [ utai k- 1w o

[(ron (7)) = x| (1) = " 0i(0), i = 1,2,

That is, v satisfies the appropriate integral identity with n(z) = ¢;(z).
Since {¢;} is fundamental in W3 [0, s], it follows that v(z) satisfies the
integral identity for any n(z) € W3[0, si]. By uniqueness, uy (z) — v(x)
weakly in W10, s;]. Lemma is proved.
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Preliminary Results

Lemma 7
For arbitrary sufficiently small ¢ > 0 there exists n. such that

Q,(v) e Vg, forallveVir_. andn > n.. (20)
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Lemma 7
For arbitrary sufficiently small ¢ > 0 there exists n. such that

Q,(v) e Vg, forallveVir_. andn > n.. (20)
Pu([v]n) € VRie, forall[v], € Vi and n > n.. (21)

The Proof follows from calculation of the corresponding norms.
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For arbitrary sufficiently small ¢ > 0 there exists n. such that

Q,(v) e Vg, forallveVir_. andn > n.. (20)
Pu([v]n) € VRie, forall[v], € Vi and n > n.. (21)

The Proof follows from calculation of the corresponding norms.
1) Let 0<e< R, v € Vr_e, Q) = [v]n = ([s]n, [9]n)-
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Lemma 7
For arbitrary sufficiently small ¢ > 0 there exists n. such that

Q,(v) e Vg, forallveVir_. andn > n.. (20)
Pu([v]n) € VRie, forall[v], € Vi and n > n.. (21)

The Proof follows from calculation of the corresponding norms.
1) Let 0<e< R, v € Vr_e, Q) = [v]n = ([s]n, [9]n)-

n—1

2
Z TSkt .k
k=1
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Lemma 7
For arbitrary sufficiently small ¢ > 0 there exists n. such that

Q,(v) e Vg, forallveVir_. andn > n.. (20)

Pu([v]n) € VRie, forall[v], € Vi and n > n.. (21)

The Proof follows from calculation of the corresponding norms.
1) Let 0<e< R, v € Vr_e, Q) = [v]n = ([s]n, [9]n)-

= 2 =1 bet / 2
ZT‘Stt,kZTg{/ (s'(t) —s'(t —7)dt)
k=1 k=1 2
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Lemma 7
For arbitrary sufficiently small ¢ > 0 there exists n. such that

Q,(v) e Vg, forallveVir_. andn > n.. (20)

Pu([v]n) € VRie, forall[v], € Vi and n > n.. (21)

The Proof follows from calculation of the corresponding norms.
1) Let 0<e< R, v € Vr_e, Q) = [v]n = ([s]n, [9]n)-

« 2 « 1 et / / 2
Z”tf”fzf?){/ (s'(t) = s'(t—7)dt)" | <
k=1 k=1 tk
L ,

éﬁ ) |s'(t) —s'(t —7)| dt
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Lemma 7
For arbitrary sufficiently small ¢ > 0 there exists n. such that

Q,(v) e Vg, forallveVir_. andn > n.. (20)

Pu([v]n) € VRie, forall[v], € Vi and n > n.. (21)

The Proof follows from calculation of the corresponding norms.
1) Let 0<e < R, v e Vr_e, Q) = [v]n = ([s]n, [g]n)-

n—1 n—1 1 tht1 )

Srt= k| [ O -se-nw?| <

11:1 r ’ k:1/ 1 Tt " 2
§ﬁ~/7' \S(t)—s(t—7)|dt§;/7 /t_T|s (&) dedt
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Lemma 7
For arbitrary sufficiently small ¢ > 0 there exists n. such that

Q,(v) e Vg, forallveVir_. andn > n.. (20)

Pu([v]n) € VRie, forall[v], € Vi and n > n.. (21)

The Proof follows from calculation of the corresponding norms.
1) Let 0<e < R, v e Vr_e, Q) = [v]n = ([s]n, [g]n)-

n—1 n—1 1 tht1 )

Srt= k| [ O -se-nw?| <

11:1 r ’ k:1/ 1 Tt " 2
§ﬁ~/7' \S(t)—s(t—7)|dt§;/7 /t_T|s (&) dedt

SO

n—1 T
S, < / (1) de
k=1 0
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Preliminary Results

Lemma 7
For arbitrary sufficiently small ¢ > 0 there exists n. such that

Q,(v) e Vg, forallveVir_. andn > n.. (20)
Pu([v]n) € VRie, forall[v], € Vi and n > n.. (21)

The Proof follows from calculation of the corresponding norms.
1) Let 0<e < R, v e Vr_e, Q) = [v]n = ([s]n, [g]n)-

n—1

:Zi TSR =D ?13 { /tt (s'(t) = s'(t=7) dt>2] <

k=1

1 T 1 T t
<L [ W -se-njast [ [ e

-
so
n—1 T ) n T )
ZTS%M g/ |s” ()| dt, similarly, ZTS%,C S/ |s'(t)|” dt
k=1 0 k=1 0
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Preliminary Results

Estimating the last term gives
thyr  ple
/ / df dt
th

Z TS — / t)dt
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Preliminary Results

Estimating the last term gives
nol etpn gt 9 ,
Z/ / (s2(€)) deadt
k=0 " tr t

Z TS — / s2(t) dt

/tm/ '©) } de dt

<
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Estimating the last term gives
thyr  ple
/ / df dt
th

ZTSk / t)dt
/tm/ '©) } dedt < T/O [32(t)+ (8’(75))2} dt

<
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Preliminary Results

Estimating the last term gives
thyr  ple
/ / df dt
th

/ £) dt

/tm/ '©) } dedt < T/ [32(t)+ (8’(75))2} dt < R*r

0

<
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Preliminary Results

Estimating the last term gives
thyr  ple
/ / df dt
th

/ £) dt

/tm/ '©) } dedt < T/ [32(t)+ (8’(75))2} dt < R*r

<

0
similarly,
n T
ngtg’k S/ / (t)dt| < R*r
k=1 0
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Preliminary Results

Estimating the last term gives

Z TS — / t)dt

) tk“/

similarly,

n T
2
Soriti< [ 1o
0

k=1

Hence

<

tht1 tr
/ / ) de dt
tr

'(6)) } dg¢ dt < 7'/ [82(t)+ (8’(25))2} dt < R*r

0

< R%*r

Z TgE — / (t)dt

2 2 2 2
max ([[s]al2: 1lolnl2y ) < max (Islz0m: oz 0m) + B2
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Estimating the last term gives

Z TS — / t)dt

) tk“/

similarly,

n T
2
Soriti< [ 1o
0

k=1

Hence

<

tht1 tr
/ / ) de dt
tr

'(6)) } dg¢ dt < 7'/ [82(t)+ (8’(25))2} dt < R*r

0

< R%*r

Z TgE — / (t)dt

2 2 2 2
max ([[s)al2  Mloln 2y ) < max (1slZzg0.m g 0m ) + BT <

<(R-

)2+ R*r < R?
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Preliminary Results

Estimating the last term gives

Z TS — / t)dt

) tk“/

similarly,

n T
2
Soriti< [ 1o
0

k=1

Hence

<

tht1 tr
/ / ) de dt
tr

'(6)) } dg¢ dt < 7'/ [82(t)+ (8’(25))2} dt < R*r

0

< R%*r

Z TgE — / (t)dt

2 2 2 2
max ([[s)al2  Mloln 2y ) < max (1slZzg0.m g 0m ) + BT <

<(R-

When n > n, = [£L] 4+ 1.

)2+ R*r < R?
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Preliminary Results

Estimating the last term gives

Z TS — / t)dt

) tk“/

similarly,

n T
2
Soriti< [ 1o
0

k=1

Hence

<

tht1 tr
/ / ) de dt
tr

'(6)) } dg dt < 7'/ [82(t)+ (8’(25))2} dt < R*r

0

< R%*r

Z TgE — / (t)dt

2 2 2 2
max ([[s)al2  Mloln 2y ) < max (1slZzg0.m g 0m ) + BT <

<(R-

)2+ R*r < R?

When n > ne = [£L7] 4 1. Part 1 of the lemma, equation (20), is proved.



Preliminary Results

2) Let [v],, € V, and assume v = (s, g) = P, ([v]n).
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Preliminary Results

2) Let [v],, € V, and assume v = (s, g) = P, ([v],,). Calculating directly,

n—1 n—1 n—1
2 2 2 2 1 5 1,
||sHW22 < E TS + E TSi )+ E TSh kT gTsﬂ1 + ;Sﬂl +Cr
k=0 k=1 k=1
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Preliminary Results

2) Let [v],, € V, and assume v = (s, g) = P, ([v],,). Calculating directly,
n—1 n—1 n—1 1
lslids < 375k + S bt S rshs b g7ohy + sty + O
k=0 k=1 k=1
Now, for the remaining terms,

B}
52, g/o 1s'(8)|? dt
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2) Let [v],, € V, and assume v = (s, g) = P, ([v],,). Calculating directly,

[E |‘W2<Z7—Sk+z7—8tk+278ttk+ TStl+ St1+CT

Now, for the remaining terms,

)
2
rt < [WOFd S =

/ / €) d¢ dt
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2) Let [v],, € V, and assume v = (s, g) = P, ([v],,). Calculating directly,

[E |‘W2<Z7—Sk+z7—8tk+278ttk+ TStl+ St1+CT

Now, for the remaining terms,

’ 2
rt< [ WO @ =
(&) de dt
<o [ [wiora

<

/ / €) d¢ dt
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2) Let [v],, € V, and assume v = (s, g) = P, ([v],,). Calculating directly,

[E |‘W2<Z7—Sk+z7—8tk+278ttk+ TStl+ St1+CT

Now, for the remaining terms,

rtos [Tl a L= ][ [ v@aa|
// d dt<* //t 2
<o [ [1@raasy [N

<
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2) Let [v],, € V, and assume v = (s, g) = P, ([v],,). Calculating directly,

[E |‘W2<Z7—Sk+z7—8tk+278ttk+ TStl+ St1+CT

Now, for the remaining terms,

rtos [Tl a L= ][ [ v@aa|
// d dt<* //t 2
<o [ [1@raasy [N

||s\|3V22[07T] < (4, C independent of 7.

<

Hence,
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Preliminary Results

2) Let [v],, € V, and assume v = (s, g) = P, ([v],,). Calculating directly,

[E |‘W2<Z7—Sk+z7—8tk+278ttk+ TStl+ St1+CT

Now, for the remaining terms,

rtos [Tl a L= ][ [ v@aa|
// d dt<* //t 2
<o [ [1@raasy [N

||s\|3V22[07T] < (4, C independent of 7.

<

Hence,

By absolute continuity of the integral, it follows that

ll_r% ||3||W22[0,T] =0
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Preliminary Results

2 2 2 2
max (z0.m) 190z 0,21) < max (Ishalihg s Nlglallsy ) +

1 2 1 2
+C+ 5 5 w1 < B2+ CT+ 5 11 w0
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Preliminary Results

2 2 2 2
max (z0.m) 190z 0,21) < max (Ishalihg s Nlglallsy ) +

1 2 1 2
+C7 + 3 18" w2 (0,7 < R*+C7 + By 15" 122 0,7
For € > 0, choose n. such that

1
R*+Cr+ Is' [0 < (R+€)?
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Preliminary Results

2 2 2 2
max (z0.m) 190z 0,21) < max (Ishalihg s Nlglallsy ) +

1 2 1 2
+C7 + 3 18" w2 (0,7 < R*+C7 + By 15" 122 0,7
For € > 0, choose n. such that

1
R*+Cr+ Is' [0 < (R+€)?

This gives equation (20), and the lemma is proved.
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Preliminary Results

2 2 2 2
max (z0.m) 190z 0,21) < max (Ishalihg s Nlglallsy ) +

1 2 1 2
+C7 + 3 18" w2 (0,7 < R*+C7 + By 15" 122 0,7
For € > 0, choose n. such that

1
R*+Cr+ Is' [0 < (R+€)?

This gives equation (20), and the lemma is proved.

Corollary 8
Let either [v], € V}} or [v],, = Qn(v) forv € Vi. Then

lsg — sk—1] < C7, k=1,2,---,n (22)
where C' is independent of n.
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The Proof depends on the previous lemma and Morrey's inequality:
1. If v € Vg, then s € W3[0,T].
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The Proof depends on the previous lemma and Morrey's inequality:

1. If v € Vg, then s’ € W3[0, T]. Morrey's inequality applied to s’ gives

||3/||C[0,T] <C ||5/||W;[0,T] <CGiR
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The Proof depends on the previous lemma and Morrey's inequality:

1. If v € Vg, then s’ € W3[0, T]. Morrey's inequality applied to s’ gives
”5/”0[01] < ||5/||W21[0,T] <CiR
Hence, for the first component of [v],, = Qn(v),

[s]n = (5(0)7 (1), ny s(T))

we have
sk — sk—1] < ||S,||COT [tk — th—1| < C7
(0,77
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The Proof depends on the previous lemma and Morrey's inequality:

1. If v € Vg, then s’ € W3[0, T]. Morrey's inequality applied to s’ gives
”5/”0[01] < ||5/||W21[0,T] <CiR
Hence, for the first component of [v],, = Qn(v),

[s]n = (5(0)7 (1), ny s(T))
we have

sk = sk—1] < 18"l oo, [tk — th—1] < CT

2. If [v],, € VE, then v™ = P, ([v],,) € Vg1 for n large enough
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The Proof depends on the previous lemma and Morrey's inequality:

1. If v € Vg, then s’ € W3[0, T]. Morrey's inequality applied to s’ gives
”5/”0[01] < ||5/||W21[0,T] <CiR
Hence, for the first component of [v],, = Qn(v),

[s]n = (5(0)7 (1), ny s(T))

we have
sk — sk—1] < ||S,||COT [tk — th—1| < C7
(0,77

2. If ], € VE, then v™ = Pn([v]n) € Vg1 for n large enough, and
1(s™) lco,7) < C1R by the previous result.
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The Proof depends on the previous lemma and Morrey's inequality:
1. If v € Vg, then s’ € W3[0, T]. Morrey's inequality applied to s’ gives

||3/||C[0,T] <G ||5/||W;[0,T] <GiR
Hence, for the first component of [v],, = Qn(v),

[s]n = (5(0)7 (1), ny s(T))

we have
sk — sk—1] < ||S,||COT [tk — th—1| < C7
(0,77

2. If ], € VE, then v™ = Pn([v]n) € Vg1 for n large enough, and
1(s™) lco,7) < C1R by the previous result.
Since

Sk + Sk—1

s"(0) = sg, s"(tg) = 5 ,

k=1

PR

we have again
|Sk — Sk_1| § CT
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Lemma 9

(Tikhonov, Vasil'ev 1980) Sequence I,, approximates the continuous

optimal control problem I if and only if the following conditions are

satisfied:

1. For arbitrary sufficiently small e > O there exists a number

N1 = Ny (€) such that Qn(v) € Vj for allv € Vg_. and N > Ny;
and for any fixed € > 0 and for all v € Vr_. the following inequality
is satisfied:

limsup (In(Qn (v)) = J(v)) <0. (23)
N—o00
2. For arbitrary sufficiently small ¢ > 0 there exists a number
Ny = Na(e) such that Py ([v]n) € Ve for all [v]y € VA and
N > Na; and for all [v]x € V', N > 1 the following inequality is

satisfied:
timsup (J(Py(o]v)) — In([e]n) ) < 0. (24)
N— 00
3. limsup J.(€) > J., liminf J.(—€) < J,., where
e—0 =0

Ji(xe) = inf J(u)

VRte
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First Energy Estimate and its Consequences

Theorem 10

For all sufficiently small T discrete state vector [u([v],)], satisfies:

l noonl
du(z; k)2
2 . ) <
Orgnl?gxn/o u (x,k)dx—i—TkE_l/O ‘7dx ) dz <

C(|\¢||2L2(o,so) + 19" 70 0.7) + 11220y + V(™ (1), ) (™) 12, 0,7
n—1

Sk+1
HX 0,010 + . Lo —s) [ (b)), (25)
k=1

Sk
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First Energy Estimate and its Consequences

Theorem 10

For all sufficiently small T discrete state vector [u([v],)], satisfies:

! noopl
du(z; k)2
2 . ) <
s, | wemas ey [0 <

C(|\¢||2L2(o,so) + 19" 70 0.7) + 11220y + V(™ (1), ) (™) 12, 0,7
n—1

Sk+1
HX 0,010 + . Lo —s) [ (b)), (25)
k=1

Sk

l n l n 1
du(zx; k) |2
2/, .. aulz; k) 2 20 . <
Orgnéign/o u”(x; k) dx—l—rkg_o/o ‘ . ‘ de+71 ];—1/0 uz (v k)dw

C(Ilst%V;(o,so) 19" 1200 + 112,00y + 19" (0, 8)(s™) (D)1 0,1)
n—1

Sk+4+1
HX .00 + 3 Lol —s) [ (b)), (26)
k=1

Sk
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Lemma 11
For all sufficiently small T, discrete state vector [u([v],)], satisfies the
following estimation:

Sk n Sk
2(,..
11;1]?;(71/0 u”(x; k) d.’L‘+T’;/O

C(Hsblli(o,so) + 19" a0,y + 111200y + V(™ (), (™) (D12 0.1)

duwk‘dm—&—TZZ/ a:kd:c<

) n—1 Skt1 )
HX .00 + - Lol —s) [ w(mbids), (@)
k=1

Sk

where C' is independent of T.
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Proof. Choose n(x) = 27u(x; k) in (15) and use the equality

2rug(z; k)u(z; k) = u?(z; k) — u® (2 k — 1) + 7°u2 (23 k)

Sk Sk Sk
/ u?(z; k)dx — / uw?(z;k — 1)de + 7'2/ u%(:c, k)dz+
0 0 0
Sk Sk .
27'/ ak(;v)‘du z3 k) ‘ dzx = 27/ [bk(m)du(x’ k)u(ac7k) + e () u? (s k) —
0 0

dxr
Je(@yu(ws k)| do = 27 [(ron ("))* = x5] ulsii k) — 2rgiu(0: k). (28)
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Proof. Choose n(x) = 27u(x; k) in (15) and use the equality

2rug(z; k)u(z; k) = u?(z; k) — u® (2 k — 1) + 7°u2 (23 k)

Sk Sk Sk
/ u?(z; k)dx — / uw?(z;k — 1)de + 7'2/ u%(:c, k)dz+
0 0 0
Sk k Sk d . k
27’/ ak(;v)‘du o ‘ dx = 27/ [bk(m) uz; )u(ac7k) + e () u? (s k) —
0 0

dxr
Je(@yu(ws k)| do = 27 [(ron ("))* = x5] ulsii k) — 2rgiu(0: k). (28)

Sk Sk
/ u2(x;k)dx—/ u?(z;k — l)deraOT/
0 0 0

Sk
7 [ i Ryde < Cur |6 D+
0

Sk Sk
| ft@dn s [ i), (29)
0 0

duxl’c‘dJr




Sk Sk—1
(1- C17’)/ u?(x; k)dr < / u?(z;k — 1)de + 14 (sp — sp_1) X
0 0

Sk
[ koo [mn (™) + ik

Sk—1

2 |gnp + / N fﬁ(x)dx} ,
(30)
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Sk Sk—1
(1- C17’)/ u?(x; k)dr < / u?(z;k — 1)de + 14 (sp — sp_1) X
0 0

Sk
[ koo [mn (™) + ik

Sk—1

Sk
g+ [ o).
0
(30)
By induction

Sk S0 k
/ w?(z;k)dr < (1 — C’lr)*k/ *(x)dx + Z(l - C’lr)*kH*l{ClTx
0 0

j=1
[0 6™ PP 4 [P+ 7P+ [ f2aa] +
0

+1.:(s; —sj-1) /;j u?(z;5 — 1)dx}. (31)

Sj—
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Sk Sk—1
(1- C17’)/ u?(x; k)dr < / u?(z;k — 1)de + 14 (sp — sp_1) X
0 0

Sk
[ koo [mn (™) + ik

Sk—1

Sk
SrlgpP+ [ fﬁ(x)dx} ,
0

(30)
By induction

Sk S0 k
/ w?(z;k)dr < (1 — C’lr)*k/ *(x)dx + Z(l - C’lr)*kH*l{ClTx
0 0

j=1
[0 6™ PP 4 [P+ 7P+ [ f2aa] +
0

+1.:(s; —sj-1) /;j u?(z;5 — 1)dx}. (31)

For arbitrary 1 < j < k < n we have
. CiT\—n
(1-Cir) -t <(1-Cir) F < (1-Crr) " = (1—#) — T,
n
(32)
as 7 — 0. Accordingly for sufficiently small 7 we have
(1-Cyr) 71 <297 for1<j<k<n (33)



By applying CBS inequality from (31)-(33) it follows that

Sk
2 . 2 n|2 n 2
[0k do < CaI01, 0. + 19" o + V(001 0:m)+

n—1

O Ot + 1o+ 2 Lo = s0) [ w?(askyda)
k=1

Sk

(34)
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By applying CBS inequality from (31)-(33) it follows that

Sk
2 . 2 n|2 n 2
[0k do < CaI01, 0. + 19" o + V(001 0:m)+

n—1

O O 02, + 120y + 3 Lo —s) [ w(aibyda)
k=1

Sk

(34)

Perform summation of (29) with respect to k from 1 to n and derive

on [ d k)
/ u2(x;n)d9:+ao7'2/ ulz; ’d JrTZZ/ u?(z; k)de <
0 = Jo
20I¢l17,0,50) T Cl<||9”H%2(o,T) 1oy + (™), ™) O 01

n Sk
HXE DI +7 2 / 2w Ry ) +

Skt1
Z 14 (sp+1 — Sk)/ u?(w; k)da, (35)

From (34) and (35), (27) follows. Lemma is proved.




Extension Lemma

Lemma 12
Given discrete control vector [v],, € V}3, a discrete state vector [u([v],)]n
satisfies the inequality

1 n ool . n ool
1rSnka%<n/O uz(x;k:)dx—i—TZ/ ‘wrdm—i—TZ/ wZ (s k)d <
C<1r<nz?§ /s xk'd:v—i-TZ/ ‘d +7‘Z/ xkdx

SR=N Jo

(36)

where C' is independent of T.
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Extension Lemma

Lemma 12
Given discrete control vector [v],, € V}3, a discrete state vector [u([v],)]n
satisfies the inequality

l n l d k 2 n l
1rSnka%<n/o uz(x;k:)dx—i—TZ/o ‘%) dac—i—TZ/O wZ (s k)d <
C(lglka? /s xkdx—i—TZ/ ‘d —l—TZ/ .’L‘kdl‘,
SR=N Jo

(36)

where C' is independent of T.

Proof. By induction it follows that the first two terms on the left hand
side are estimated by the first two terms on the right hand side with the
constant C' = 2V, where N is defined in (16).
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a(y;0) = d(yso), u(y; k) =u(ysr; k), 0<y<Lk=1,.,n
a(y; k) = a(2" —y; k), for 2"t <y <2n

o/ ) il = 172,

T

M=

3
o
=

T

ka/ [ﬂ(y;k) —a(ysk/sk—15k — 1)}2@ <L+l (37)
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n W k) — iy k —1)12 n
11:2275k/[u(y, ) — aly; )} dy:"'ZQNHZTSkx
k=1 o T P
1 . Y 2
/ﬂ%(ya k)dy = 2N 7'/ (z; (xSTk 1/sk3 K )] do < 2N+2y
0 k=1

0
_ ) . 5
/ (x k) dx—|—2N+2Z / (w3 k — w(zsk—1/sk; k 1)} i

T
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n ~ (0 o b 2 n
11:2275k/|:u(y7k) U(y,k 1):| dy::2N+IZTSkx
k=1 o T k=1

1 N " ,
/a%(y;k)dy:QN“ T/ (23 k) = ul@sk—1/ski b )} dr < 2N+
T

0 k=17
u N2 (x;k — 1) —u(wsk_1/sp; k — 1)72

/ 2(x; k)dx + 2 Z / . } dx
k=1 7}

(38)
o\ iy k — 1) — a(yse/sk—1;k — 1)72
12—2;7:%/{ = ] dy.
= 0
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n

T]“ {u(x; k—1) —u(zsg—1/sk; k — 1)rdx =

T
k=1 0

n ok S l .

x

(39)
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T]“ {u(x; k—1) —u(zsg—1/sk; k — 1)rd:c =

-
k=1 7}
"1 du(¢ Cl" L du(z
L] | M G [0
T )
B=170 sk k=0
Sk
(39)
22N+1C2N2 n du x k 23N+102N3
e AN S / dateko1),,  2NUGINT,
n—1 1 2 3N+1,2 773
T/’d 72 CNZZ/ (40)
k=0
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n

T]“ {u(x; k—1) —u(zsg—1/sk; k — 1)rd:c =

-
k=1

n— ! .
S| ] kg S [,

(39)

k=1

N
n

N2

IN+1 2 A2 ST 1Y 2 3N+1,2 773

1_2§2 CiN ZT/‘dU(x;lk 1) dx—2 CiN "
T

) P )
U di(a k) 2 BNHLE2 N3 L du(as k
S [ty 2N 0
k=0 dr 0 k=0
=0 9 =09
n l n—1 Sk du(x k) 9 n Sk
ZT/U%(m;k)dl‘ < C(ZT/‘ da:’ ‘ dx + T/u%(x;k:)dx)
k=1 9 k=0 k=1 9
(41)
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Weak Compactness in V"

Theorem 13

Let [v],, € VF,n=1,2,... be a sequence of discrete controls and the
sequence {P,([v].} converges strongly in W3[0,T] x Ls[0,T] to

v = (s,g). Then the sequence {uTg} converges as T — 0 weakly in

W, (Q) to weak solution u € V, " () of the problem (1)-(4), i.e. to the
solution of the integral identity (14). Moreover, u satisfies the energy
estimate

1200y < C (1012 0,000 19120,y 1712 sy HIV 0 ) HIXIE 10 )
(42)

» U. G. Abdulla.
On the Optimal Control of the Free Boundary Problems for
the Second Order Parabolic Equations. |. Well-posedness
and Convergence of the Method of Lines.
Inverse Problems and Imaging, 7(2):307-340, May 2013.
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