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Introduction

One-phase Stefan problem: find the temperature function u(x, t) in
Ω = {(x, t) : 0 < x < s(t), 0 < t ≤ T} and the free boundary x = s(t)
from (1)-(5):

(a(x, t)ux)x + b(x, t)ux + c(x, t)u− ut = f(x, t), for (x, t) ∈ Ω (1)

u(x, 0) = φ(x), 0 ≤ x ≤ s(0) = s0 (2)

a(0, t)ux(0, t) = g(t), 0 ≤ t ≤ T (3)

a(s(t), t)ux(s(t), t) + γ(s(t), t)s′(t) = χ(s(t), t), 0 ≤ t ≤ T (4)

u(s(t), t) = µ(t), 0 ≤ t ≤ T (5)

a(x, t) ≥ a0 > 0, s0 > 0 (6)
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Inverse Stefan Problem

Assume that the boundary heat flux g(t) is not available.

u(0, t) = ν(t), for 0 ≤ t ≤ T (7)

Inverse Stefan Problem (ISP): Find the functions u(x, t) and s(t) and
the boundary heat flux g(t) satisfying conditions (1)-(7).

(a(x, t)ux)x + b(x, t)ux + c(x, t)u− ut = f(x, t), for (x, t) ∈ Ω

u(x, 0) = φ(x), 0 ≤ x ≤ s(0) = s0

a(0, t)ux(0, t) = g(t), 0 ≤ t ≤ T
a(s(t), t)ux(s(t), t) + γ(s(t), t)s′(t) = χ(s(t), t), 0 ≤ t ≤ T

u(s(t), t) = µ(t), 0 ≤ t ≤ T

u(x, T ) = w(x), for 0 ≤ x ≤ s(T ),
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Optimal Control Problem

J (v) = β0‖u(0, t)− ν(t)‖2L2[0,T ] + β1‖u(s(t), t)− µ(t)‖2L2[0,T ] (8)

VR =
{
v = (s, g) ∈W 2

2 [0, T ]×W 1
2 [0, T ] : δ ≤ s(t) ≤ l,

s(0) = s0,max( ‖s‖W 2
2
; ‖g‖W 1

2
) ≤ R

}

(a(x, t)ux)x + b(x, t)ux + c(x, t)u− ut = f(x, t), for (x, t) ∈ Ω (9)

u(x, 0) = φ(x), 0 ≤ x ≤ s(0) = s0 (10)

a(0, t)ux(0, t) = g(t), 0 ≤ t ≤ T (11)

a(s(t), t)ux(s(t), t) + γ(s(t), t)s′(t) = χ(s(t), t), 0 ≤ t ≤ T (12)
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W 1,1
2 (Ω)-solution of the Neumann Problem

Definition 1
The function u ∈W 1,1

2 (Ω) is called a weak solution of the problem
(9)-(12) if u(x, 0) = φ(x) ∈W 1

2 [0, s0] and

0 =

∫ T

0

∫ s(t)

0

[auxΦx − buxΦ− cuΦ + utΦ + fΦ] dx dt

+

∫ T

0

[γ(s(t), t)s′(t)− χ(s(t), t)]Φ(s(t), t) dt+

∫ T

0

g(t)Φ(0, t) dt (13)

for arbitrary Φ ∈W 1,1
2 (Ω)

W 1,1
2 (Ω) – Hilbert space of all elements of L2(Ω) whose weak derivatives

∂u
∂x , ∂u

∂t belong to L2(Ω), and scalar product is defined as

(u, v) =

∫
Ω

(
uv +

∂u

∂x

∂v

∂x
+
∂u

∂t

∂v

∂t

)
dxdt
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V2(Ω)-solution of the Neumann Problem

Definition 2
The function u ∈ V2(Ω) is called a weak solution of (9)-(12) if

0 =

∫ T

0

∫ s(t)

0

[auxΦx − buxΦ− cuΦ− uΦt + fΦ] dx dt−

−
∫ s0

0

φ(x)Φ(x, 0) dx+

∫ T

0

g(t)Φ(0, t) dt+

+

∫ T

0

[γ(s(t), t)s′(t)− u(s(t), t)s′(t)− χ(s(t), t)]Φ(s(t), t) dt (14)

for arbitrary Φ ∈W 1,1
2 (Ω) such that Φ|t=T = 0.

‖u‖V2(Ω) =
(

ess sup
0≤t≤T

‖u(x, t)‖2L2[0,s(t)] +

∥∥∥∥∂u∂x
∥∥∥∥2

L2(Ω)

) 1
2

‖u‖V 1,0
2 (Ω) =

(
max

0≤t≤T
‖u(x, t)‖2L2(0,s(t)) +

∥∥∥∥∂u∂x
∥∥∥∥2

L2(Ω)

) 1
2

Formulated optimal control problem will be called Problem I.
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Discrete Optimal Control Problem

ωτ = {tj = j · τ, j = 0, 1, . . . , n}

V nR = {[v]n = ([s]n, [g]n) ∈ R2n+2 : 0 < δ ≤ sk ≤ l,

max(‖[s]n‖2w2
2
; ‖[g]n‖2w1

2
) ≤ R2}

[s]n = (s0, s1, ..., sn) ∈ Rn+1, [g]n = (g0, g1, ..., gn) ∈ Rn+1

‖[s]n‖2w2
2

=

n−1∑
k=0

τs2
k+

n∑
k=1

τs2
t,k+

n−1∑
k=1

τs2
tt,k, ‖[g]n‖2w1

2
=

n−1∑
k=0

τg2
k+

n∑
k=1

τg2
t,k.

st,k =
sk − sk−1

τ
, st,k =

sk+1 − sk
τ

, stt,k =
sk+1 − 2sk + sk−1

τ2
.
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Approximation and Interpolation Mappings

Introduce two mappings Qn and Pn between continuous and discrete
control sets:

Qn(v) = [v]n = ([s]n, [g]n), for v ∈ VR

where sk = s(tk), gk = g(tk), k = 0, 1, ..., n.

Pn([v]n) = vn = (sn, gn) ∈W 2
2 [0, T ]×W 1

2 [0, T ] for [v]n ∈ V nR ,

sn(t) =

{
s0 + t2

2τ st,1 0 ≤ t ≤ τ,
sk−1 + (t− tk−1 − τ

2 )st,k−1 + 1
2 (t− tk−1)2stt,k−1 tk−1 ≤ t ≤ tk.

gn(t) = gk−1 +
gk − gk−1

τ
(t− tk−1), tk−1 ≤ t ≤ tk, k = 1, n.
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Discrete State Vector

Definition 3
[u([v]n)]n = (u(x; 0), u(x; 1), ..., u(x;n)) is called discrete state vector if

1. u(x; 0) = φ(x) ∈W 1
2 [0, s0];

2. u(x; k) ∈W 1
2 [0, sk] satisfy the integral identity∫ sk

0

(
ak(x)

du(x; k)

dx
η′(x)− bk

du(x; k)

dx
η(x)− ck(x)u(x; k)η(x) + fk(x)η

+ut(x; k)η(x)
)
dx+

(
(γsn(sn)′)k − χksn

)
η(sk) + gnk η(0) = 0,

∀η ∈W 1
2 [0, sk] (15)

3. u(x; k) ∈W 1
2 [0, sk] iteratively continued to [0, l] as

u(x; k) = u(2nsk − x; k), 2n−1sk ≤ x ≤ 2nsk, n = 1, nk,

nk ≤ N = 1 + log2

[ l
δ

]
(16)
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Discrete Optimal Control Problem

In([v]n) = β0τ

n∑
k=1

(
u(0; k)− νk

)2

+ β1τ

n∑
k=1

(
u(sk; k)− µk

)2

(17)

V nR = {[v]n = ([s]n, [g]n) ∈ R2n+2 : 0 < δ ≤ sk ≤ l,

max(‖[s]n‖2w2
2
; ‖[g]n‖2w1

2
) ≤ R2}

[u([v]n)]n = (u(x; 0), u(x; 1), ..., u(x;n)) be a discrete state vector.
Formulated discrete optimal control problem will be called Problem In.

uτ (x, t) = u(x; k), if tk−1 < t ≤ tk, 0 ≤ x ≤ l, k = 1, n,

ûτ (x, t) = u(x; k−1)+ut(x; k)(t−tk−1), if tk−1 < t ≤ tk, 0 ≤ x ≤ l, k = 1, n

ûτ (x, t) = u(x;n), if t ≥ T, 0 ≤ x ≤ l.

uτ ∈ V2(D), ûτ ∈W 1,1
2 (D)
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ûτ (x, t) = u(x; k−1)+ut(x; k)(t−tk−1), if tk−1 < t ≤ tk, 0 ≤ x ≤ l, k = 1, n
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Existence of the Optimal Control

D = {(x, t) : 0 < x < l, 0 < t ≤ T}

a, b, c ∈ L∞(D), f ∈ L2(D),

φ ∈W 1
2 [0, s0], γ, χ ∈W 1,1

2 (D), µ, ν ∈ L2[0, T ],

∂a

∂x
∈ L∞(D),

∫ T

0

ess sup
0≤x≤l

∣∣∣∣∂a∂t
∣∣∣∣ dt < +∞. (18)

Theorem 4
The Problem I has a solution, i.e.

V∗ = {v ∈ VR : J (v) = J∗ ≡ inf
v∈VR

J (v)} 6= ∅
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Convergence Theorem

Theorem 5
Sequence of discrete optimal control problems In approximates the
optimal control problem I with respect to functional, i.e.

lim
n→+∞

In∗ = J∗, (19)

where
In∗ = inf

V nR

In([v]n), n = 1, 2, ...

If [v]nε ∈ V nR is chosen such that

In∗ ≤ In([v]nε) ≤ In∗ + εn, εn ↓ 0,

then the sequence vn = (sn, gn) = Pn([v]nε) converges to some element
v∗ = (s∗, g∗) ∈ V∗ weakly in W 2

2 [0, T ]×W 1
2 [0, T ], and strongly in

W 1
2 [0, T ]× L2[0, T ]. In particular sn converges to s∗ uniformly on [0, T ].

Moreover, piecewise linear interpolation ûτ of the discrete state vector
[u[v]nε ]n converges to the solution u(x, t; v∗) ∈W 1,1

2 (Ω∗) of the
Neumann problem (1)-(4) weakly in W 1,1

2 (Ω∗).
Ugur G. Abdulla Inverse Stefan Problem
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Preliminary Results

Lemma 6
For sufficiently small time step τ , there exists a unique discrete state
vector [u([v]n)]n for arbitrary discrete control vector [v]n ∈ V nR .

The Proof uses a Sobolev energy estimate and Galerkin method.
1) Uniqueness: Assume

u(x; k − 1) ≡ 0, fk(x) ≡ 0,
(
γsn(sn)′

)k
= χksn = gnk = 0

We need to show u(x; k) solves (15) ⇒ u(x; k) ≡ 0.Choose
η(x) = u(x; k) in (15):∫ sk

0

[
ak(x)

(
du

dx

)2

− bk
du

dx
u− cku2 +

1

τ
u2

]
dx = 0

a0

∫ sk

0

(
du

dx

)2

dx+
1

τ

∫ sk

0

u2 dx ≤

≤ εM

2

∫ sk

0

(
du

dx

)2

dx+

(
M

2ε
+M

)∫ sk

0

u2 dx
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Preliminary Results

ε = a0/M⇒

a0

2

∫ sk

0

(
du

dx

)2

dx+

(
1

τ
− 1

τ0

)∫ sk

0

u2 dx ≤ 0, τ0 =

(
M2

2a0
+M

)−1

u(x; k) ≡ 0, τ < τ0.
2) Existence: Consider

uN (x) =

N∑
i=1

diψi(x), {ψi} ⊆W 1
2 [0, sk]

∫ sk

0

[
ak(x)

duN
dx

ψ′i(x)− bk(x)
duN
dx

ψi(x)− ck(x)uN (x)ψi(x)

+
1

τ
uN (x)ψi(x) + fk(x)ψi(x)

]
dx =

1

τ

∫ sk

0

u(x; k − 1)ψi dx−[(
γsn(sn)′

)k − χksn]ψi(sk)− gkψi(0), i = 1, . . . , N
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Preliminary Results

Corresponding homogeneous system:

N∑
j=1

dj

∫ sk

0

[
ak(x)ψ′j(x)ψ′i(x)− bk(x)ψ′j(x)ψi(x)− ck(x)ψj(x)ψi(x)

+
1

τ
ψj(x)ψi(x) + fk(x)ψi(x)

]
dx = 0, i = 1, . . . , N

Multiply by di and add to derive∫ sk

0

[
ak(x)

(
duN
dx

)2

− bk(x)
duN
dx

uN (x)− ck(x)u2
N (x)

+
1

τ
u2
N (x)

]
dx = 0, i = 1, . . . , N

In a similar way to the uniqueness result, it follows that uN ≡ 0, which
implies the unique solution uN (x) to the original system.
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We now seek a uniform estimation of sequence {uN (x)} in order to pass
N →∞ and find the corresponding discrete state vector.

Multiply the
system by di and add with respect to i to derive∫ sk

0

[
ak(x)

(
duN
dx

)2

− bk(x)
duN
dx

uN (x)− ck(x)u2
N (x)

+
1

τ
u2
N (x) + fk(x)uN (x)

]
dx =

1

τ

∫ sk

0

u(x; k − 1)uN (x) dx−

−
[(
γsn(sn)′

)k − χksn]uN (sk)− gkuN (0)

Estimate the integrals on the LHS and estimate as before to find

a0

2

∫ sk

0

(
duN
dx

)2

+
1

2τ

∫ sk

0

u2
N (x) ≤

∣∣∣|(γsn(sn)′
)k|+ |χksn |∣∣∣|uN (sk)|+

+|gk||uN (0)|+ 1

τ

∫ sk

0

[
|fk(x)|+ 1

τ
|u(x; k − 1)|

]
|uN (x)| dx

τ ≤ τ0
2 . Morrey’s inequality implies

max{|uN (0)|; |uN (sk)|} ≤ ‖uN‖C[0,sk] ≤ C ‖uN‖W 1
2 [0,sk]
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Using Cauchy inequality with ε, it follows that

‖uN‖2W 1
2 [0,sk] ≤ C

(
‖u(x; k − 1)‖2L2[0,sk] + ‖fk‖2L2[0,sk] +

+
∣∣∣(γsn(sn)′

)k∣∣∣2 +
∣∣χksn∣∣2 + |gk|2

)

Hence {uN} is weakly precompact in W 1
2 [0, sk]. Let v(x) be the weak

limit point. Pass to the limit in the integral identity for uN to find∫ sk

0

[
ak(x)

dv

dx
ψ′i(x)− bk(x)

dv

dx
ψi(x)− ck(x)v(x)ψi(x)

+
1

τ
v(x)ψi(x) + fk(x)ψi(x)

]
dx =

1

τ

∫ sk

0

u(x; k − 1)ψi dx−[(
γsn(sn)′

)k − χksn]ψi(sk)− gkψi(0), i = 1, 2, . . .

That is, v satisfies the appropriate integral identity with η(x) = ψi(x).
Since {ψi} is fundamental in W 1

2 [0, sk], it follows that v(x) satisfies the
integral identity for any η(x) ∈W 1

2 [0, sk]. By uniqueness, uN (x)→ v(x)
weakly in W 1

2 [0, sk]. Lemma is proved.
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Preliminary Results

Lemma 7
For arbitrary sufficiently small ε > 0 there exists nε such that

Qn(v) ∈ V nR , for all v ∈ VR−ε and n > nε. (20)

Pn([v]n) ∈ VR+ε, for all [v]n ∈ V nR and n > nε. (21)

The Proof follows from calculation of the corresponding norms.
1) Let 0 < ε� R, v ∈ VR−ε, Q(b) = [v]n =

(
[s]n, [g]n

)
.

n−1∑
k=1

τs2
t̄t,k =

n−1∑
k=1

1

τ3

[ ∫ tk+1

tk

(s′(t)− s′(t− τ) dt)
2
]
≤

≤ 1

τ2

∫ T

τ

|s′(t)− s′(t− τ)| dt ≤ 1

τ

∫ T

τ

∫ t

t−τ
|s′′(ξ)|2 dξ dt

so

n−1∑
k=1

τs2
t̄t,k ≤

∫ T

0

|s′′(t)|2 dt, similarly,
n∑
k=1

τs2
t̄,k ≤

∫ T

0

|s′(t)|2 dt
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Pn([v]n) ∈ VR+ε, for all [v]n ∈ V nR and n > nε. (21)

The Proof follows from calculation of the corresponding norms.
1) Let 0 < ε� R, v ∈ VR−ε, Q(b) = [v]n =
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[s]n, [g]n

)
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k=1

τs2
t̄t,k =

n−1∑
k=1

1

τ3

[ ∫ tk+1
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2
]
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Estimating the last term gives∣∣∣∣∣
n−1∑
k=0

τs2
k −

∫ T

0

s2(t) dt

∣∣∣∣∣ =

∣∣∣∣∣
n−1∑
k=0

∫ tk+1

tk

∫ tk

t

(
s2(ξ)

)′
dξ dt

∣∣∣∣∣

≤

≤
n−1∑
k=0

∫ tk+1

tk

∫ t

tk

[
s2(ξ) +

(
s′(ξ)

)2]
dξ dt ≤ τ

∫ T

0

[
s2(t) +

(
s′(t)

)2]
dt ≤ R2τ

similarly,

n∑
k=1

τg2
t̄,k ≤

∫ T

0

|g′(t)|2 dt,

∣∣∣∣∣
n−1∑
k=0

τg2
k −

∫ T

0

g2(t) dt

∣∣∣∣∣ ≤ R2τ

Hence

max
(
‖[s]n‖2w2

2
; ‖[g]n‖2w1

2

)
≤ max

(
‖s‖2W 2

2 [0,T ] ; ‖g‖2W 1
2 [0,T ]

)
+R2τ ≤

≤ (R− ε)2 +R2τ ≤ R2

When n ≥ nε = dRTε e+ 1. Part 1 of the lemma, equation (20), is proved.
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Preliminary Results

2) Let [v]n ∈ V nR , and assume v = (s, g) = Pn([v]n).

Calculating directly,

‖s‖2W 2
2
≤
n−1∑
k=0

τs2
k +

n−1∑
k=1

τs2
t̄,k +

n−1∑
k=1

τs2
t̄t,k +

1

3
τs2
t̄,1 +

1

τ
s2
t̄,1 + Cτ

Now, for the remaining terms,

τs2
t̄,1 ≤

∫ τ

0

|s′(t)|2 dt, 1

τ
s2
t̄,1 =

1

τ3

∣∣∣∣∫ τ

0

∫ t

0

s′′(ξ) dξ dt

∣∣∣∣2 ≤
≤ 1

2τ

∫ τ

0

∫ t

0

|s′′(ξ)|2 dξ dt ≤ 1

2

∫ τ

0

|s′′(t)|2 dt

Hence,
‖s‖2W 2

2 [0,T ] ≤ C1, C1 independent of τ .

By absolute continuity of the integral, it follows that

lim
τ→0
‖s‖W 2

2 [0,T ] = 0
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t̄t,k +

1

3
τs2
t̄,1 +

1

τ
s2
t̄,1 + Cτ

Now, for the remaining terms,

τs2
t̄,1 ≤

∫ τ

0

|s′(t)|2 dt, 1

τ
s2
t̄,1 =

1

τ3

∣∣∣∣∫ τ

0

∫ t

0

s′′(ξ) dξ dt

∣∣∣∣2 ≤
≤ 1

2τ

∫ τ

0

∫ t

0

|s′′(ξ)|2 dξ dt ≤ 1

2

∫ τ

0

|s′′(t)|2 dt

Hence,
‖s‖2W 2

2 [0,T ] ≤ C1, C1 independent of τ .

By absolute continuity of the integral, it follows that

lim
τ→0
‖s‖W 2

2 [0,T ] = 0
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Preliminary Results

max
(
‖‖2W 2

2 [0,T ] ; ‖g‖2W 1
2 [0,T ]

)
≤ max

(
‖[s]n‖2w2

2
; ‖[g]n‖2w1

2

)
+

+Cτ +
1

2
‖s′‖2W 1

2 [0,τ ] ≤ R
2 + Cτ +

1

2
‖s′‖2W 1

2 [0,τ ]

For ε > 0, choose nε such that

R2 + Cτ +
1

2
‖s′‖2W 1

2 [0,τ ] ≤ (R+ ε)2

This gives equation (20), and the lemma is proved.

Corollary 8
Let either [v]n ∈ V nR or [v]n = Qn(v) for v ∈ VR. Then

|sk − sk−1| ≤ Cτ, k = 1, 2, · · · , n (22)

where C is independent of n.
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The Proof depends on the previous lemma and Morrey’s inequality:

1. If v ∈ VR, then s′ ∈W 1
2 [0, T ].

Morrey’s inequality applied to s′ gives

‖s′‖C[0,T ] ≤ C1 ‖s′‖W 1
2 [0,T ] ≤ C1R

Hence, for the first component of [v]n = Qn(v),

[s]n =
(
s(0), s(τ), . . . , s(T )

)
we have

|sk − sk−1| ≤ ‖s′‖C[0,T ] |tk − tk−1| ≤ Cτ

2. If [v]n ∈ V nR , then vn = Pn
(
[v]n

)
∈ VR+1 for n large enough

, and
‖(sn)′‖C[0,T ] ≤ C1R by the previous result.
Since

sn(0) = s0, sn(tk) =
sk + sk−1

2
, k = 1, . . . , n

we have again
|sk − sk−1| ≤ Cτ
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Lemma 9
(Tikhonov, Vasil’ev 1980) Sequence In approximates the continuous
optimal control problem I if and only if the following conditions are
satisfied:

1. For arbitrary sufficiently small ε > 0 there exists a number
N1 = N1(ε) such that QN (v) ∈ V nR for all v ∈ VR−ε and N ≥ N1;
and for any fixed ε > 0 and for all v ∈ VR−ε the following inequality
is satisfied:

lim sup
N→∞

(
IN (QN (v))− J(v)

)
≤ 0. (23)

2. For arbitrary sufficiently small ε > 0 there exists a number
N2 = N2(ε) such that PN ([v]N ) ∈ VR+ε for all [v]N ∈ V NR and
N ≥ N2; and for all [v]N ∈ V NR , N ≥ 1 the following inequality is
satisfied:

lim sup
N→∞

(
J(PN ([v]N ))− IN ([v]N )

)
≤ 0. (24)

3. lim sup
ε→0

J∗(ε) ≥ J∗, lim inf
ε→0

J∗(−ε) ≤ J∗, where

J∗(±ε) = inf
VR±ε

J(u)
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First Energy Estimate and its Consequences

Theorem 10
For all sufficiently small τ discrete state vector [u([v]n)]n satisfies:

max
0≤k≤n

∫ l

0

u2(x; k) dx+ τ

n∑
k=1

∫ l

0

∣∣∣du(x; k)

dx

∣∣∣2dx ≤
C
(
‖φ‖2L2(0,s0) + ‖gn‖2L2(0,T ) + ‖f‖2L2(D) + ‖γ(sn(t), t)(sn)′(t)‖2L2(0,T )

+‖χ(sn(t), t)‖2L2(0,T ) +

n−1∑
k=1

1+(sk+1 − sk)

∫ sk+1

sk

u2(x; k)dx
)
, (25)

max
0≤k≤n

∫ l

0

u2(x; k) dx+ τ

n∑
k=0

∫ l

0

∣∣∣du(x; k)

dx

∣∣∣2dx+ τ2
n∑
k=1

∫ l

0

u2
t (x; k)dx ≤

C
(
‖φ‖2W 1

2 (0,s0) + ‖gn‖2L2(0,T ) + ‖f‖2L2(D) + ‖γ(sn(t), t)(sn)′(t)‖2L2(0,T )

+‖χ(sn(t), t)‖2L2(0,T ) +

n−1∑
k=1

1+(sk+1 − sk)

∫ sk+1

sk

u2(x; k)dx
)
, (26)

where C is independent of τ and 1+ be an indicator function of the
positive semiaxis.

Ugur G. Abdulla Inverse Stefan Problem



25

First Energy Estimate and its Consequences

Theorem 10
For all sufficiently small τ discrete state vector [u([v]n)]n satisfies:

max
0≤k≤n

∫ l

0

u2(x; k) dx+ τ

n∑
k=1

∫ l

0

∣∣∣du(x; k)

dx

∣∣∣2dx ≤
C
(
‖φ‖2L2(0,s0) + ‖gn‖2L2(0,T ) + ‖f‖2L2(D) + ‖γ(sn(t), t)(sn)′(t)‖2L2(0,T )

+‖χ(sn(t), t)‖2L2(0,T ) +

n−1∑
k=1

1+(sk+1 − sk)

∫ sk+1

sk

u2(x; k)dx
)
, (25)

max
0≤k≤n

∫ l

0

u2(x; k) dx+ τ

n∑
k=0

∫ l

0

∣∣∣du(x; k)

dx

∣∣∣2dx+ τ2
n∑
k=1

∫ l

0

u2
t (x; k)dx ≤

C
(
‖φ‖2W 1

2 (0,s0) + ‖gn‖2L2(0,T ) + ‖f‖2L2(D) + ‖γ(sn(t), t)(sn)′(t)‖2L2(0,T )

+‖χ(sn(t), t)‖2L2(0,T ) +

n−1∑
k=1

1+(sk+1 − sk)

∫ sk+1

sk

u2(x; k)dx
)
, (26)

where C is independent of τ and 1+ be an indicator function of the
positive semiaxis.

Ugur G. Abdulla Inverse Stefan Problem



26

Lemma 11
For all sufficiently small τ , discrete state vector [u([v]n)]n satisfies the
following estimation:

max
1≤k≤n

∫ sk

0

u2(x; k) dx+ τ

n∑
k=1

∫ sk

0

∣∣∣du(x; k)

dx

∣∣∣2dx+ τ2
n∑
k=1

∫ sk

0

u2
t (x; k)dx ≤

C
(
‖φ‖2L2(0,s0) + ‖gn‖2L2(0,T ) + ‖f‖2L2(D) + ‖γ(sn(t), t)(sn)′(t)‖2L2(0,T )

+‖χ(sn(t), t)‖2L2(0,T ) +

n−1∑
k=1

1+(sk+1 − sk)

∫ sk+1

sk

u2(x; k)dx
)
, (27)

where C is independent of τ .
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Proof. Choose η(x) = 2τu(x; k) in (15) and use the equality

2τut(x; k)u(x; k) = u2(x; k)− u2(x; k − 1) + τ2u2
t (x; k)

∫ sk

0

u2(x; k)dx−
∫ sk

0

u2(x; k − 1)dx+ τ2

∫ sk

0

u2
t (x; k)dx+

2τ

∫ sk

0

ak(x)
∣∣∣du(x; k)

dx

∣∣∣2dx = 2τ

∫ sk

0

[
bk(x)

du(x; k)

dx
u(x; k) + ck(x)u2(x; k)−

fk(x)u(x; k)
]
dx− 2τ

[
(γsn(sn)′)k − χksn

]
u(sk; k)− 2τgnku(0; k). (28)

∫ sk

0

u2(x; k)dx−
∫ sk

0

u2(x; k − 1)dx+ a0τ

∫ sk

0

∣∣∣du(x; k)

dx

∣∣∣2dx+

τ2

∫ sk

0

u2
t (x; k)dx ≤ C1τ

[
|(γsn(sn)′)k|2 + |χksn |2 + |gnk |2+∫ sk

0

f2
k (x)dx+

∫ sk

0

u2(x; k)dx
]
, (29)
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(1− C1τ)

∫ sk

0

u2(x; k)dx ≤
∫ sk−1

0

u2(x; k − 1)dx+ 1+(sk − sk−1)×∫ sk

sk−1

u2(x; k − 1)dx+ C1τ

[
|(γsn(sn)′)k|2 + |χksn |2 + |gnk |2 +

∫ sk

0

f2
k (x)dx

]
,

(30)

By induction∫ sk

0

u2(x; k)dx ≤ (1− C1τ)−k
∫ s0

0

φ2(x)dx+
k∑
j=1

(1− C1τ)−k+j−1
{
C1τ×

[
|(γsn(sn)′)j |2 + |χjsn |2 + |gnj |2 +

∫ sj

0

f2
j dx

]
+

+1+(sj − sj−1)

∫ sj

sj−1

u2(x; j − 1)dx
}
. (31)

For arbitrary 1 ≤ j ≤ k ≤ n we have

(1−C1τ)−k+j−1 ≤ (1−C1τ)−k ≤ (1−C1τ)−n =
(

1−C1T

n

)−n
→ eC1T ,

(32)
as τ → 0. Accordingly for sufficiently small τ we have

(1− C1τ)−k+j−1 ≤ 2eC1T for 1 ≤ j ≤ k ≤ n (33)
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By applying CBS inequality from (31)-(33) it follows that

max
1≤k≤n

∫ sk

0

u2(x; k) dx ≤ C2

(
‖φ‖2L2(0,s0) + ‖gn‖2L2(0,T ) + ‖χ(sn(t), t)‖2L2(0,T )+

‖γ(sn(t), t)(sn)′(t)‖2L2(0,T ) + ‖f‖2L2(D) +

n−1∑
k=1

1+(sk+1 − sk)

∫ sk+1

sk

u2(x; k)dx
)
.

(34)

Perform summation of (29) with respect to k from 1 to n and derive∫ sn

0

u2(x;n) dx+ a0τ

n∑
k=1

∫ sk

0

∣∣∣du(x; k)

dx

∣∣∣2dx+ τ2
n∑
k=1

∫ sk

0

u2
t (x; k)dx ≤

2‖φ‖2L2(0,s0) + C1

(
‖gn‖2L2(0,T ) + ‖f‖2L2(D) + ‖γ(sn(t), t)(sn)′(t)‖2L2(0,T )

+‖χ(sn(t), t)‖2L2(0,T ) + τ

n∑
k=1

∫ sk

0

u2(x; k)dx
)

+

n−1∑
k=1

1+(sk+1 − sk)

∫ sk+1

sk

u2(x; k)dx, (35)

From (34) and (35), (27) follows. Lemma is proved.
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0

u2(x; k) dx ≤ C2

(
‖φ‖2L2(0,s0) + ‖gn‖2L2(0,T ) + ‖χ(sn(t), t)‖2L2(0,T )+

‖γ(sn(t), t)(sn)′(t)‖2L2(0,T ) + ‖f‖2L2(D) +

n−1∑
k=1

1+(sk+1 − sk)

∫ sk+1

sk

u2(x; k)dx
)
.

(34)

Perform summation of (29) with respect to k from 1 to n and derive∫ sn

0

u2(x;n) dx+ a0τ

n∑
k=1

∫ sk

0

∣∣∣du(x; k)

dx

∣∣∣2dx+ τ2
n∑
k=1

∫ sk

0

u2
t (x; k)dx ≤

2‖φ‖2L2(0,s0) + C1

(
‖gn‖2L2(0,T ) + ‖f‖2L2(D) + ‖γ(sn(t), t)(sn)′(t)‖2L2(0,T )

+‖χ(sn(t), t)‖2L2(0,T ) + τ

n∑
k=1

∫ sk

0

u2(x; k)dx
)

+

n−1∑
k=1

1+(sk+1 − sk)

∫ sk+1

sk

u2(x; k)dx, (35)

From (34) and (35), (27) follows. Lemma is proved.
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Extension Lemma

Lemma 12
Given discrete control vector [v]n ∈ V nR , a discrete state vector [u([v]n)]n
satisfies the inequality

max
1≤k≤n

∫ l

0

u2(x; k) dx+ τ

n∑
k=0

∫ l

0

∣∣∣du(x; k)

dx

∣∣∣2dx+ τ

n∑
k=1

∫ l

0

u2
t (x; k)dx ≤

C
(

max
1≤k≤n

∫ sk

0

u2(x; k) dx+ τ

n∑
k=0

∫ sk

0

∣∣∣du(x; k)

dx

∣∣∣2dx+ τ

n∑
k=1

∫ sk

0

u2
t (x; k)dx

)
,

(36)

where C is independent of τ .

Proof. By induction it follows that the first two terms on the left hand
side are estimated by the first two terms on the right hand side with the
constant C = 2N , where N is defined in (16).
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ũ(y; 0) = φ(ys0), ũ(y; k) = u(ysk; k), 0 ≤ y ≤ 1, k = 1, ..., n.

ũ(y; k) = ũ(2n − y; k), for 2n−1 ≤ y ≤ 2n.

n∑
k=1

τ

l∫
0

u2
t (x; k)dx ≤

n∑
k=1

τ

2Nsk∫
0

u2
t (x; k)dx =

n∑
k=1

τ

2Nsk∫
0

[ ũ(x/sk; k)− ũ(x/sk−1; k − 1)

τ

]2
dx =

n∑
k=1

τsk

2N∫
0

[ ũ(y; k)− ũ(ysk/sk−1; k − 1)

τ

]2
dy ≤ I1 + I2 (37)
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I1 = 2

n∑
k=1

τsk

2N∫
0

[ ũ(y; k)− ũ(y; k − 1)

τ

]2
dy = · · · = 2N+1

n∑
k=1

τsk×

1∫
0

ũ2
t (y; k)dy = 2N+1

n∑
k=1

τ

sk∫
0

[u(x; k)− u(xsk−1/sk; k − 1)

τ

]2
dx ≤ 2N+2×

n∑
k=1

τ

sk∫
0

u2
t (x; k)dx+ 2N+2

n∑
k=1

τ

sk∫
0

[u(x; k − 1)− u(xsk−1/sk; k − 1)

τ

]2
dx

(38)

I2 = 2

n∑
k=1

τsk

2N∫
0

[ ũ(y; k − 1)− ũ(ysk/sk−1; k − 1)

τ

]2
dy.
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I1 = 2

n∑
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τsk

2N∫
0

[ ũ(y; k)− ũ(y; k − 1)

τ

]2
dy = · · · = 2N+1

n∑
k=1

τsk×

1∫
0

ũ2
t (y; k)dy = 2N+1

n∑
k=1

τ

sk∫
0

[u(x; k)− u(xsk−1/sk; k − 1)

τ

]2
dx ≤ 2N+2×

n∑
k=1

τ

sk∫
0

u2
t (x; k)dx+ 2N+2

n∑
k=1

τ

sk∫
0

[u(x; k − 1)− u(xsk−1/sk; k − 1)

τ

]2
dx

(38)

I2 = 2

n∑
k=1

τsk

2N∫
0

[ ũ(y; k − 1)− ũ(ysk/sk−1; k − 1)

τ

]2
dy.
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n∑
k=1

τ

sk∫
0

[u(x; k − 1)− u(xsk−1/sk; k − 1)

τ

]2
dx =

n∑
k=1

1

τ

sk∫
0

∣∣∣ x∫
x
sk−1
sk

du(ξ; k − 1)

dξ
dξ
∣∣∣2dx ≤ C2

1 l

δ

n−1∑
k=0

τ

l∫
0

∣∣∣du(x; k)

dx

∣∣∣2dx,
(39)

I2 ≤
22N+1C2

1N
2

δ

n∑
k=1

τ

N2N∫
0

∣∣∣dũ(x; k − 1)

dx

∣∣∣2dx =
23N+1C2

1N
3

δ
×

n−1∑
k=0

τ

1∫
0

∣∣∣dũ(x; k)

dx

∣∣∣2dx ≤ 23N+1C2
1N

3l

δ

n−1∑
k=0

τ

sk∫
0

∣∣∣du(x; k)

dx

∣∣∣2dx (40)

n∑
k=1

τ

l∫
0

u2
t (x; k)dx ≤ C

( n−1∑
k=0

τ

sk∫
0

∣∣∣du(x; k)

dx

∣∣∣2dx+

n∑
k=1

τ

sk∫
0

u2
t (x; k)dx

)
(41)
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n∑
k=1

τ

sk∫
0

[u(x; k − 1)− u(xsk−1/sk; k − 1)

τ

]2
dx =

n∑
k=1

1

τ

sk∫
0

∣∣∣ x∫
x
sk−1
sk

du(ξ; k − 1)

dξ
dξ
∣∣∣2dx ≤ C2

1 l

δ

n−1∑
k=0

τ

l∫
0

∣∣∣du(x; k)

dx

∣∣∣2dx,
(39)

I2 ≤
22N+1C2

1N
2

δ

n∑
k=1

τ

N2N∫
0

∣∣∣dũ(x; k − 1)

dx

∣∣∣2dx =
23N+1C2

1N
3

δ
×

n−1∑
k=0

τ

1∫
0

∣∣∣dũ(x; k)

dx

∣∣∣2dx ≤ 23N+1C2
1N

3l

δ

n−1∑
k=0

τ

sk∫
0

∣∣∣du(x; k)

dx

∣∣∣2dx (40)

n∑
k=1

τ

l∫
0

u2
t (x; k)dx ≤ C

( n−1∑
k=0

τ

sk∫
0

∣∣∣du(x; k)

dx

∣∣∣2dx+

n∑
k=1

τ

sk∫
0

u2
t (x; k)dx

)
(41)
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n∑
k=1

τ

sk∫
0

[u(x; k − 1)− u(xsk−1/sk; k − 1)

τ

]2
dx =

n∑
k=1

1

τ

sk∫
0

∣∣∣ x∫
x
sk−1
sk

du(ξ; k − 1)

dξ
dξ
∣∣∣2dx ≤ C2

1 l

δ

n−1∑
k=0

τ

l∫
0

∣∣∣du(x; k)

dx

∣∣∣2dx,
(39)

I2 ≤
22N+1C2

1N
2

δ

n∑
k=1

τ

N2N∫
0

∣∣∣dũ(x; k − 1)

dx

∣∣∣2dx =
23N+1C2

1N
3

δ
×

n−1∑
k=0

τ

1∫
0

∣∣∣dũ(x; k)

dx

∣∣∣2dx ≤ 23N+1C2
1N

3l

δ

n−1∑
k=0

τ

sk∫
0

∣∣∣du(x; k)

dx

∣∣∣2dx (40)

n∑
k=1

τ

l∫
0

u2
t (x; k)dx ≤ C

( n−1∑
k=0

τ

sk∫
0

∣∣∣du(x; k)

dx

∣∣∣2dx+

n∑
k=1

τ

sk∫
0

u2
t (x; k)dx

)
(41)
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Weak Compactness in V 1,0
2

Theorem 13
Let [v]n ∈ V nR , n = 1, 2, ... be a sequence of discrete controls and the
sequence {Pn([v]n} converges strongly in W 1

2 [0, T ]× L2[0, T ] to
v = (s, g). Then the sequence {uτ} converges as τ → 0 weakly in
W 1,0

2 (Ω) to weak solution u ∈ V 1,0
2 (Ω) of the problem (1)-(4), i.e. to the

solution of the integral identity (14). Moreover, u satisfies the energy
estimate

‖u‖2
V 1,0
2 (D)

≤ C
(
‖φ‖2L2(0,s0)+‖g‖

2
L2(0,T )+‖f‖

2
L2(D)+‖γ‖

2
W 1,0

2 (D)
+‖χ‖2

W 1,0
2 (D)

)
(42)

I U. G. Abdulla.
On the Optimal Control of the Free Boundary Problems for
the Second Order Parabolic Equations. I. Well-posedness
and Convergence of the Method of Lines.
Inverse Problems and Imaging, 7(2):307–340, May 2013.
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